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FOREWORD | : o , o

y This publication is a revision of the 1959 teaching .guide for 10th . A
year mathematics. Jhe original guide was issued to help teachers imple™-
ment the mathematics 10 section of the 1957 version of the New York State
Syllabus--Mathematics 10-11-12, Every teacher of 10th year mathematics
should have a copy of thls State Syllabus, C
/
The aspects in which the preseﬁt edition differs from the origlnal
' are as follcws: ( N

\

1. The introduction has beén 'rewritten. (

2. The scope of content has ‘been omitted.(For scope, see New __ng
State Syllabus—-Mathematics 10-11-12.)

3. Many alternate sequences are suggested in the text of the guide.
+ (See also page 6 and the suggested time schedule which is theré. )

¢

L, The mtvoductory lessons have been rewrltten. .
’ 5. The ini tia oductlon of coordinate geometry has been expanded
T in a sepa chapter to present it™as a separate postulational
system, . . :

6. The unit on circles precedes the unit on similarity,
7.‘A new approach to the unit on area has been developed.
8. The unit on regular polygons has been rewritten.

9. A complet'el& revised unit on inequalities has been developed.

[

10, Many small errors have been corrected.

- ll./To increase the precision of language and thought proce=se§§
this publication refers to concepts and mathemat’ cal notation
recommended by the School Mathematics Study Group (S.M.S.G.)
aznd the Unl‘;erslty of Illinois Committee on School Mathematlcs

U.I.C.S.M

.. 12, Provision for enrlchmeht has been included. In partlcular, the
' last chapter suggests places and methods for integrating plane
and solid geometry.

)

This publlcatiqn is reissued to meet the contiruing needs of the high
'~ sc Cfgols. A program of revision is currently being carried on by the, State

the City which will eventually result in new syllabus mater:.al. “
° ’ | x JOSEPH O, LORETAN . .
' : Deputy Superintendent of Schools
July, 1964 | . - e

-
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. o N :
INTRODUCTION S : '

The guide offars approaches which will clarify the tenth year part of the-
State Syllabus, Mathematijes 1O-1]1-12, and suggests teaching .procedures
for aclileving the objectives pf that syllabus., By the end of this year
~ of mathematicg, the student should have & clear understanding of the
/. " major methods of reasoning developed by.mankind - 1) induction :
- 2) deduction., The student should know that both'the inductive and de-

. ductive methods are essential o the progress of civilization. They

complement one another in helping man improve his understanding, not

only of his physical world, but also of_ his philosophical world, The :
lessons in this guide tie teacher to fiake the distinctions between
‘the two types of thinking frequently ard to test that understanding. The
study of smaller sequences as stressed in the 'State Syllabus is an impor-
tant step toward the. better u.m:lerst,and:a.ng~ of the deductive process and
postulatlonal systems. . .

. In our K-12 mathematics courses, we are concerned with the use of deductivF '
proof in arithmetic and algebra, as well as in geometry. The feeling for,
mathematical structure gained through a postulatmnal approach to arithme—
tic and algebra cammake them wuch more: meaningful. However, it is stiil
true that the gtudy of geometry in‘the Tenth Year can clafify the essence
of thé two methods of feasoning , as they complement one another, better than
any other single year of mathematics, and, if well taught, can give the

- student a lasting concept long after he forgets the details of various
theorems, ;.

.

| Iﬁductiv_e versus Desuctive Th:mking

‘1. The Source of Propositions
g
In ¢ our K-9 ‘classes’, students will have reached through measurement or
inspiration, many conclusions about the properties of geometric figures. _
These conclusions, and others arrived at quickly at the beginning of. each,
mew lesson, can now be labeled as propositions - that is, proposals for °
- investigation., The degree of validity of these proposals depends, when
only inductive thinking is being done, -on the randomness of the.-sampling
.- and-the number of cases tried. There will be many opportunities in Tenth .
Year Mathematics to reinforce the understanding of the dangers of drawing
" eonclusions from a poorfly chosen sample - the ¢ommon error in reasoning
kngm as 'hasty generalization', For example, in the initial motivating
- exercise of 'a lesson on altitudes, 2 student dropped a perpendicular to SN}
. the base of an isosceles triangle and to the base of an equilateral triangle. -
His 'discovery! -was, "It seems as if the altitude of any tnangle bisects. . -
the opposite 31de." : : )

~It is_suggested that, whatever the mtultﬂré method (measunng, count:.ng,
guessing) by which a prop031t10n is obtained by the class, -the conclusion

be written: "It seems as if oes'

-1- .




2. Deduction: - - w -

- > On'the contrary, deduction is a process in which the validity of the
conclusions does not, in any sense,:depend on the number of cases invesii-
_ gated, The conclusions are-as valid as the assumptions (postulates) from
which they were deduced. 'I}:e process of deduction, in which each statement
is vahd becausé 4he previous statement is valid, and su on back™to th
unproved prop031t10ns (postulate ) is one which leads to confidence in the
‘validity of one's conclusion the degree that one has confidence in the
..validity of one's postulates.' Students should realize, by the end of the:
year, that different sets of postulates lead to different sets of theorens.,
Each of these structures is as valid in the situation to which it is to be -
applied as are the postulates in that situdtion. Mathematics ddes not deal
with truth in the usual sense of the’zword. ‘ ' T

~

L

N \

v A dlstmctlop should be made betweem{ostulatlonal geometry and physical
geometry., It is° ;mpor'tant that studenfs studying Mathemftics 10 realize the
difference between the concept of a "pbint" or a "line" or a "triangle" a.nd
the dot and ruler drawn "yne or trlangle the student sees.on a ‘blackboard,
and a surveyor uses in . dedigning tuildings or hlgnways..

M ~

1

When we begin with a set of undefined terms and a set of postulates, we
are. considering "geometry" from a postulational point of view, and are develop— -
ing an abstract mathematical system. .- « ) . S0
" \ ‘ LI o . -~
‘When we use a blackboard &r note‘book to make drawings of porht.>, lines,
trlan.gles or other geometric figqre\sy, we are considenng a "model" of an’

. ,abstract mathematlcal system. : . . T.
Just as the pumber "two" is an abstract idea and the numeral ’ "?“ is a ; “
symbol fof this idea, so a " ine" is zfabstract idea and a " * " ig a _symbol
for thls abstract idea., The student sfbuld realize that the " " is not a, ,
, "line" any more than "2" i e nun'{er "two\ A
C . [ <

/ - In. the tenth year this idea should be presented 1nformally only, and

c»ccasmnally referred to, as for example in the following 51tuatlons.

5 v

How do you know that .the' blseotor of an ang‘]e of-a tm.angle

intersects t#e otgomte side at a point between the other two .,
| vertices? Sée S.M.5.G., Geometry with Coordinates, pe(f:t-,R I, vg. 91.
How do~y6u know that the diagonuls of a\parallelogmm intersect,
and if\they do interSect how do we lcnow they intersect elnslde the
parall;logra.m" ' “

. With respect to “betweenness" the studemt should be told that Euchd did
not cons)der thls concept, and that this was an error of omission. The' usua

\'
~ .
-~

AR

.~ : D
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"proof" that all triangles are isosceles’can be shown after the pupil has
developed sufficient background to point up the need for consideration of or-.
der of points on a line. The consequences.of disregarding the axioms on
~ betweenness is.illustrated by such famdus paradoxes as the one above, and

. by the proof that anh acute angle is equal to a right angle. And, in a brlght
., class, it can be proved that the dlagonals of a parallelogram do intersect
~ inside the parallelogram using the parallel postulate, and postulates on

betweenness., - , - ’ .

N . g .

' For most classes, at least the fact that these are assumptions that we
maKe should be emphasized. "If the diagonals --- intersect then they bisect

each ather" could be a wording used once or-twice to provlde this emphasis.”

Critical thinking is an important objective of Mathematics 10. While we do
_not want to get inwolved in too much rigor, an appreciation of the deficiencies
, in Euclld's development of geometry is.desirable.

. The set of postulates used must be consistent (conclusions deduced from the

- postulates should not be contradictory), and should idéally be independent

:(no one postulate can be derived from the others). These requirements will
gradually be apprec1ated by the students, even .though in this coursel\with

these young people, .it is not desirable to limit the set of postulated toe
rigorously. Teachers will judge the extent to which théy wish to be rigorous

in their effort to minimize the number of propositions ggggggi by'their classes
by the quality of the response. Any decision to 'postulate'-a pr0p051t10n,

all year, should be made by the class keeping in mind the. meaning*of and- reasons
for using deductive thlnking -

I

3. Why deduction? _
In deductive thlnklng each proposltlon is preSented for: . . .
a) rejectlon b) postulatlon (assume it) or c) deductlon (prove it).

Why does mankind want to reacrrange propositions in a deductive sequence? .
Students at first are just as convinced of the validity of the discovery thaé
the sum of the.,angles of any triangle seems to be a straight angle, which they
reached by induction, as they are after the ‘sequence starting with parallel
alines makes trem able to deduce the same property. It %akes mtgent,- ¢areful
planning to reinforce the sophisticated reasons why the many ideas of man
demand a rearrangement into postulational sequence. The common statements:
"How do you know it is valid for the thousandth triangle?" or "You remember in
Geometry we always,prOVe everything " are mot very convincing! The real idea
to be put. across is that deduction enables us to do two desiratle things:

a) In the set of discoverles of the scientist from variqus types
of experimental thinking, certain ideas often turn out to

contradict others. These “contradictions are not noticed unless
& : .

s 3




the prOpositionE7are rearranged so that a few (as few as poseible)

are accepted as valid and all thg others follow “from those few -

all others MUST be valid IF those few are. ?This idea is strenq,h

ensd as we continue the course until students are apdous to . "
“deduce each new discovery from prewviously proven theorems instead
of 'postulating' it. For enrichment, mthietter classes, these
ideas can carry the student into stimulating résearch, but even
with normal classes, the teacher should continually call attention
to what the class is doing with various propositions. Otherwise
the students lose sight of the &im of the couprse in the multi-
farious theorems developed during the’ ‘year. The small sequencea,

- stressed in the State Syllabus make this task more, feasible, but

the teacher will find that a question such as, "Whpt was the

postulate of our Area Sequence"" will produce an intelligent: re~-

sponse only if the course - 1s 50 d:aught.

".

. b) The other reason for rearranging ideas in a postulational seguence .
is that many unexpected propositions are deduced.from previously
proven ‘theorems and thus become théorems which would probably co
not have been discovered mdt&ti\rely Teachers should have a
wealth of .examplés of this fact available, such as the deduction .
of the existence of the planet Neptune. In plane geometry, it .
is unlikely that students would discover the constant product
“as a chord rotates about a fixed point in a circle, ysot the
proposition is an immediate deduction firom the simjlarity sequence.
The fact that the sum of the squares of the legs is equal to the
square of the hypotenuse jn any right triangle, would not be a,
+ likely discovery by students without deductlon.

GENERAL TEACHING SUGGESTIONS

l. Mmat is an. "gg mal” Pmof" . ‘“ ) )

Frequent references wiI]: be made to thls kind. of proof.- It is a deductive
proof and carries all the authority of a "formal" .deductive proof. The latter
is characterized by the two-column arrangement in which each statement is sup-
ported by a reason. The informal proof has-an essay form in which statements -
are not always. supported by a stated reason, particularly when that reason ?g
~ shéuld be obvious. Only the crucial steps need reason support. What constitut
a crucial step will depend on the background of students' accompliahments. This
will have to be a ma.tter for the teacher's :judgment. -

‘

Infermal proofs are used-to save the t:une usualJy de“voted to eithor reciting
or recordllzg a proof formally. " They are used only( for such propositions as: :
are not classified as "required for Regents Examination Purposes.” The. ‘infotmal -
proof is particularly useful when several propositions are to be taught in one
lesson, such as a set of corollaries for & theorem. g

. T -
‘R Timg Allotments fo ~Lessons . ' - o 1.

3 ' :

T

It will be noted that the committee suggested how the syllabus’items may be
organized into lessoms. We caution the teacher not to be too rigid in adhering -~
to-our lesson divisions.” These are only suggested and should, therefore, ;
serve only as a gulide for the teacher. Naturally, the teacher s organlzation

»
.
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of lessond will .depend upon the interest and the ability of the students.

3. Student-Teacb;; In_grchanges

In order to q}early convey some teaching suggestions, there are a number
of accounts of teacher questions and student answers. These student-teacher
interchanges are not intended to be a prediction of the answers which students
widl give. K However, the importance of the interchange is in the qvestions
asked by the te?cher and should be read with this in mind.

Throughout the year the teacher should:

P . A
’ set up'a clasgroom situation in which questions are encouraged
give students freedom and time to think .
make clear through his questions the place of that which 1s belng
considered in relatlon to previous and future learnings

L. tegggg Lgs g R

As the content of Tenth Year Mathematics unfolds, 'the student will appreci-
ate the fact that he is dealing with three types of statements - definitions,
postulates, and theorems, 'He will learn to distinguish among the statements
and, furthermore, find it necessanysfrom time to time to refresh-his memory
concerning the status of a statement, For these reasons, it is advisable
that the student keeﬂ a list of statements which he can consult ’

A
. A sectlon of the student!'s notebook may be dewoted exclusively to each of
the three categories. Each statEment as it is accepted, will thus. be re-

*

corded the appropriate section, Each 1list may be>divided into topical
sections accordance with those topics (congruenpe, similarity...) die-
cussed in this publlcation. ) S~

§ M

An alternate method would be to record the statements under topics and
identify each statement as a definition, postulate, or theorem.

As students learn that theorems furnish short cuts in.deductive proofs, '
they will be interested in recording them as methods of deduction. When
the teacher wishes to emphasize this use of a theoram, it may be done by

»+ asking students to record the theorems that could be used in deducing rela-
tions such as the follow1ng.

. Methods of deducing line segments are equal
Methods of deducing angles are equal
Methods of deducing angles aye supplementany
_ Methods .of deducing lines are parallel

) Methods of deducing triangles are congruent
Methods of deducing triangles are similar
Methods of deducing triangles are equal
Methods of deducing ratios are equal
Methods of deducing products are equal .




It is advisable to use the following form in listing these methods:

To prove two angles equél, show that <
v &__
the angles'are opposite two equal sides of a triangle
the angles are inscribed in the same arc of a circle, etc.

/-

Whenever a new method is derived, it should be added to the list.

SUGGESTED TIME SCHEDULE AND ONE OF THE POSSIBLE SBQUENCES

-

Topic : : Approximate Ngmbeg
. _ . of Lessons
Introductory- Lessons 8
Congruent Triangles and Constructions 17
Parallel Lines 7
Congruent Triangles Continued and Two Locus Theorems 6
Quadrilaterals 9
Introduction to boordlnate Geomet ry-Another Postulational ’
System’ 3
Circles 16
Similarity 12
Mean Proportional and :,thagorean Theorem 11
Trigonometry and Slope - T
Area 8
Regular Polygons and Circles . 8
Locus (Continued) . 3
—h

Inequalities

e
%*

~

#The 119 lessons do not include lessons for tcsts and review. :
Note: Alternate sequences are suggested throughout. For example, area before
31miIar1ty, 51m11arity before circles, inequalities after quadrilaterals,
indirect reasoning as_early as feasible, coordindte geometry after Pythagorean
Theorent, -are indicated as possibilities, each with its own advantages.

N

Y

(— 14



I. ' /
THE INTRODUCTORY LESSONS

Lesson 1 -
X s
Aim: To introduce students to the purpose of teaching geometry in the
tenth year. To develop an appreciation of the need for careful
definitions in deductive reasoning aund to show the need for
undefined terms.

Development :

It is assumed that tenth year students already have some knowledge
of the ordinary daily uses of geometry learned in their 7th; 8th, and
9th year mathematics classes. A brief discussion may be presented of
the various needs for geometry (geo refers to earth, metry refers to
measure) by surveyors, navigators, carpenters, plumbers; machinists,
- architects, builders, engineers, physicists and others, In addition,
there are many phenomena in nature that require a knowledge of geometry ——
in order™to understand them. These include eclipses of the sun and
moon, and structures of crystals, molecules, and atoms,.

The teacher should inform pupils that in addition to acquiring knowledge
of a body of "facts,”" the principal aim of the course is to teach students
methods of reasoning. Geometry is the simplest and most convenient ve-
hicle for illustrating methdds of reasoning. Geometry uses a method of
reasoning that is a model for philosophers, scientists, editorial writers,
statesmen and other sérious-minded people. This'method (deductive) is
used by them as a means of convincing others to share their opinions.

It is the w.y in which good lawyers argue their cases, .or the good
legislators argue for their proposals. It is the method that Sherlock
Hglmesvused to reach certain conclusions from dpparently trivial facts
%hat he observed, As an illustration of heduction, say to the class

of at least 32 pupids), "I am sure that in this class there are at

least two of you whose birthday is on the .same day of the month - 10th,

- 11th, etc.” This will create an enthusiasm for deduction in the class.
The.teacher should reinforce this interest by mentioning some less
elementary deductions, like the deteminations of the weight of the
"earth and the discovery by deduction of the existence of the planet,
Neptune. - :

Note that the method is important as a means of presenting proof, as
"well as a method for discovering-it. This aspect of the deductive °
method should ‘be made clear to the student throughout the year. It
is not ensugh to find a proof. It is also important to learn how to

present it. ) :

Now have the class consider some situation such as the following: Two
students get into an argument over the statement, "All fish breathe
under water,” one arguing that /it is true and the other citing the
fact that whales must surface to breathe asdgvidence that-it is false.

7=




/ Some pupils will object that whales are mammals, not fish. Elicit f
the class the statement that the word 'fish' must be carefully defined
before we can consider the merits of the argument. Generallze this
idea to devélop the notion that logical reasoning requires very care-
ful and precise definit-ions of any words which are used in the reason-
ing process if one is to prevent misunderstanding and also errors in
reasoning. -

. Elicit that words are defined in terms of other words. What must be
true of these other words? Consider a dictionary which defines marSh
as swamp, swamp as bog, and'bog as marsh. Would a person na>t knowing
the meaning of any of these three words be helped by this dictionary?
Is there any way out of this dilemma? - Have the class realize that
although the dictionary defines a large number of words, this number
is finite, and therefore the situation described is unavoidatle unlees
we wish to start with some words which we assume everybody knows the
meaning of. In a logical system, we must begin with certain undefined
terms which serve as the basis for de11n1ng other terms.

What are some of the undefined terms used in geometry? Present point,
line and plane to the class as basic undefined terms, Discuss the
"properties” of these elements and also tell pupils how their repre-
sentations are named with letters to distinguish one from another
in a logical argument involving more than one. At this point it is
essential to emphasize the difference between the abstract points and
lines to be used in logical reasoning and the physical strokes and dots
on papers and blackboard which are used to represent them (see the
discussion of abstract reometry vsi-a-physical model of it which is
givep in the introduction to this guide). Show the class how the
undefiined terms can be used in defining other terms. Define line
" segmelt, ray, and polygon. Have the pupils start a page in their note-
 books Hegaded '"Definitions" and record these.
N
The S.M.5.G. and U.I.C.S.M. courses make a distinction between a line, e
a line segment, and a ray (with distinct notation for each). All are
defined as sets of points. They also distinguish the measure of the
length of a segment, which is a positive real number from the segment
itself. It is suggested that each teacher of Mathematics 10 have
available to him a set of the S.M.S.G. and U.I.C.S.M, texts. These
may be used to provide enrichment for incorporation into the New York
State Mathematics 10 Course of Study.

In the S.M.*;G. GW (geometry with coordinates) text, Part I,
Chapter 2, pgs. 33-48 introduces the concept of sets applied

to geometric figures and the 1ncidence properties of points,
lines and planes.

On page 38, the notation for line AB as AB is introduced.

In Chapter 3, the distinctions between line AB, ray AB and
segment AB are developed - the definition of a ray appears
on page 84, of a line segment on page 86, and page 88 (top)
contains a summary of these. o

-

4
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It is not 'syggested that the teacher necessarily use various
notations for line, line segment ray, measure of the length
of a line segment unless Ne wishes to, but that the class be’
continually made aware of the distinctions and know which they
mean either by notation or by context. PRIRE
. The iesson maysbe applied by using other exercised involving |

the need to define words carefully. Ask the class to decide f

whether "Abraham Lincoln was an educated man." It will soon '

be seen by the differencd pf opinions that, the term "educated“

has different meanings to §ifferent members of the class, Ond

meaning refers to forma)l oy school tralnlng, the other refers\

to worldly experiences. Clearly, the need for good definitions .

is.a necessity if we are all to hold the same meanings for words ™

in a discussion. - \\,w/// . -
Lesson 2

>

- Aim: To\iIluetfate the difference between induction and deduction.

. : - N
t Develorment :

Have pupils draw triangles. Obtain the midpoints of two sides
by measurement, ahd conaect them with a line segment.. Measure
the line segment thus formed and compare “its length to the length
", of the third side of ‘the triangle. Have 5 or 6 pupils-do this
at the board (or on acetate for overhead projectorg ‘'with varying
. sizes and shapés of triangles. Elicit the generalization that :
"It seems as if the line segment Joinlng the midpoints of the. two
sides of attriangle is equal to half of the third side." This is
a proposition, i.e., a_ proposal for 1nveetlgat10mq Is it }rue?
Is it possible that after we have tried this experiment on‘a
' thousand triangles in which the generalization is true, we may then
- come across one in which it is false? Is it likely that we would
' find such a case? The generalizat{®n above was arrived at by a
pro®ess of induction., An induction assigns a property’ discOVered
to be true in a_ ertain subset (the truangles we tried) to the’ v
whole set (al® triangles). ‘

Now tell the class to suppose that by logical reasoning mathematicians

had actually proved that it is always true that the line joining the

midpoints of two sides of a triangle is equal to. half the third sdde.

Knowing this, suppose we now have a specific triangle ABC with mid- - .

points D and E of sides AB and BC respectively and AC is known to

be 10" long, how long is DE? Point out that the length of DE was

arrived at by a deduction - wé did not measure 1t' A deduction my

be considered as the assignment of a property of a set to a subset., SN

The statement above was known to be true of all triangles, and ' )

it was therefore asserted to be true of a subset consisting of the

specific triangle ABC, . . (///
~Qm.
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Note: In this experiment, we have used the concept of line segment.s
‘being "equal". What does AB = CD mean? This statement means that
the measure of the length of the line segments is the same number.
Length of a line sagment is defined in some modern texts by assigning
a coordinate systen to the line of which the segment is a part.
Symbolism like m (AB) or 'AB |may be used for the measure of the length
.of line segment AB, if the teacher desires. ) .
Suppose John, Tony, and Carl are three boys in the class, who therefore
. form~a subset of the class. If we note that John, Tony, and Carl are
~ all wearing red ties and make the generalization that "All the boys in
this class are wearing red ties," we are using induction = assigning
a property of a subset-to the whole set. On the other hand, if we
happened to know that all the boys were requlred to wear red ties, we
could state that "John, Tony and Carl were wearing red ties," without
laoking at them, We w1llfthen be u31ng deductlon, a351gning a property
of the whole set to a subset. N

Students should appreciate the dif ferences in the validity of conclusions
arrived at by generalization (induction) and by deduction. Because

three boys are,seen wearing red ties, are we certain that all the boys-
are wedaring r¢d ties? Because we know that all the boys are wearing

red ties, ard We certain that three specific Hoys among them do? . Discuss
the problem improving the validity of the method of generallzatlon
(induction) by

a. increasing the number of specific cases before generalizing
b. selecting a good sampling of the generalized set

S Start a list of "Common Errors in Reasoning" in notebooks., The error
developed here is "Improper generallzatlon from too few cases or a )
poor sampling." Be sure the class ‘sees that simply taking many cases
does not insure a sampling. For example, one might assume ‘that
water contracts wfen the temperature drops by taking measurements of

N\ its density at different temperatures. However, between 4° and 0o,
water-expands gs the temperature drops. .

Lesson 3

Atm: To examine the nature and requirements:of a good definition. The
teacher may use the definitions of terms learned in the Tth, 8th,
and 9th years as the substance out of which the crlterla of good - ~
deflnltlons may be developed.

.

.

1. Definitions and Sets

Definfitions may be clarified in terms of sets. The object defined must
be identified as a member of a set and then must be distinguished from-

other members of the set. These two parts of a deflnltlon are called
classifying and dlstlng_;shlng.

/. i
For example: A pencil is a writing implement that has lead. Thus, a
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pencil is a member of the set of writing implements-which contains
pens; chalk, crayons, brushes, and so on. The pencil is different
from these in that it alone has lead. ' On the other hand, a writing
implement is a-hand implement used for writing. Thus,»the set of
writing implements is itself a member of a larger set of hand
implements containing harmers, crowbars, brooms, and so on. It

differs from these in that it alone is used to write with:

It is now evident that definitions my form a sequence. In the above
illustration, the sequence was (starting with the smallest set.) pencil,
writing implement, hand implements. We might extend the sequence to
"implements," to "manufactured artlcles," to Minanimate artlcles,"

and so on.

Defining Geometric Terms

Have the students now undertake the formal definitions of geometric
terms. Start with angle, kinds of angles, including acute, obtuse,
straight, and right angles. Teachers will have various possible- '
choices for these definitions -~ an angle as a rotation, an angle as
the union of two rays from the same origin, etc. depending on the
text used. Be sure to stress the seguencg in the definitions,

.whlchever you - use.,

In Chapter 4 of the S.M.S.G. GW text, the definition of Mangle"

¢ 1is given on page 145, and the measure of an angle developed on
pages 149-154. Notice that the GW course considers as angles
only those with measures between 0 and 180, excluding the
"straight angle" as an angle. One of the reasons for this -
involves the property that the open segment joining any two
points, one on each side of, the angle, lies in the interior
of the angle. Note too tha% when we talk-of an angle of 30°,
we mean the measure of the angle is 30 with "degrees" being
assumed as the unit. On page 165, "betweenpéps" for rays is
defined, and or pages 184-185, congruent angles are defined
as angles w1th equal measures.

Continue the discussion\of definitions by developing definitions fo
polygon, trmangle, and kinds of triangles classified by sides and.
angles, using the deflnltlons to illustrate the properties . of a good
definition.

It is desirablé_to build defini*ions by imbedding the *erm being.
defined in the next larger set. Howevnr, it is not incorrect to define
a term by placing it within a set that is not the next immed:iately
larger one, provided the properties necessary to distinguish it fmm
the other members of the set are included in the definition, Thus,*
later in the year a rhombus can be defined as a ;ﬁ‘allelogram with two
adjacent sides equal, or as a quadrilateral which is equilateral. In
discussing the definitions of angles and triangles, the pupils should
also be -shown the accepted notation for naming them, including the

use of one or three letters in naming angles and the purpose of each,

=11-
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The building of the definitions of the various kinds of triangles
affords an opportunity to liawve pupils note the nesting of sets,
one within the other. This may seem to students to be an endless

~ provess, and this can be used to reinforce the prevlously developed
need for undefined terms.

Suggested exercises: , .

1. After defining "line segment, " define
median '
altitude _ )
angle bisector ' .

2. Arrange the following terms to form a correct sequence for definitions
start,ing with the largest set;

a. equilateral triangle, polygon, triangle, isosteles t{riangle
b. square, rectangle, polygon, quadrilateral )
c. hunting dogs, canines, dogs., pointers
d. Ford, ca.r, vehicles, Thunderbird
R
Have the class note that a definition is simp]y a statement of the
,+ equivalence between a lengthy deseription of a term and a simple expres-
sion for the term. ‘'Isosceles triangle' and ‘'triangle with.two equal
sides' mean the same thing. Ask the class what they can conclude if
you "give" them a triangle ABC with AB=BC, Then ask them what they
can conclude if you "give them an isosceles triangle ABC with AC as
its base. Elicit that definitions are reversible.

Teach the use of the symbol .°. o . -

Examples: . . (

a) l.A ABC is isosceles with base AC 1. Given

2. ', AB=BEC ‘2. By definition, an isosceles A
. is a A with 2 equal sides. '
. a -\ ,
b) 1. AB=RC : 1. Given
2. ..‘.A ABC is isosceles . 2. By definition, ad with 2 = sides

is an isosceles A .

‘Later in the year, since a definition is an equivalence, the teacher could

N,

\'1
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Tesson 4

-

permit the two s\teps abote to be omitted from a proof and the inference
to be ‘made abave the proof in the hypothesis.

Repeat'the above type of exércise with other definitions, asking for a
reason to suppert the conclusion each time., This will prévide drill in
the definitions and also build the groundwork for the concept of a
deductive proof consisting of statements each supported by reasons.

3.

4 -

-~ ~

Ajm: To develop the meaning of ‘postulate and theorem and the distinction
between them,

{

-~

: 4

Have the'class consider a diagram showing a pair of vértical angles and let
them suggest a definition for the term "vertical angles™ and add it to the
list of definitions. What seems to be true of the relative size of the
two vertical anglea in a pair? Before answering this question, what do

we mean by the size of an angle? Again, theé different definitions of angle
will re require different definitions of size. We will use th® symbol

< A=30° to mean the measure of the size of angle A is 30, in degree units.

To clarify this, be sure students see thatl_ is % larger angle than

What do we mean by equal angles? £ A= B means. that m( 4A)=m( £ B).

Discuss the meaning of ) Z 1+22
Z ABC -Z1 -
Apply to L 2 £ 1=180° - L2

-

h\

How shall uL lnvestlgate the propesition that, "It seems as if vertical
angles are equal”? Pupils Will suggest m surement with a protractor.
Elicit that the generalization made as a xs‘ult of such measurements
is an induction and raview what its limitat'ions are. Is-it possible
to deduce the propositiion that "If two angles are vertical angles,
they are equal® for all possible pairs of vertical angles, from some
simpler proposition that we are all willing to accept? How can such a
deduction be made? Get the class to see that to prove propositions
by a logical argument requires reasons to’ support thé statements (or
claims) made in the argument. What can these reasons be? Desirably,
the reasons should be propositions which have already been proved,
Those propositions were also proved from previous propositio But

- haw can the first of these propositions be proved? Relate thls situation

to that developed in connection with definitions and establish the need
for propositions which we accept without proof. We call such assumed
prop@sitions postulates or axioms.

f
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Consider the vertical angles a and b.
N ) X .
Now have the class note that we can express /a as 180° .- Le.

We can also express /b as 180° [c.

Angle a' and angle b can't both equal 180° - Je- \inless:
they are equal, but we need a roasWo support the.
statement that Z a= Zb. -

Get the class to see that we really assumed that ™Quantities equal to the
same quantity are equal to each other" and that this is our first postu=~
late. Have pupils begin ‘their notebook list of postulates with this

entry using a heading, "Postulates we havesassymed." Recall that such
postulates were also used in algebra although they.may not havé been:

called by this name (pefhaps pupils knew them as "principles" they did

not’ prove). y.

For example, remind the studerits of the commutative postulate of arithmetic,
which states that ab=ba for any natural number's a.and b.

In algebra, they probably did some deductions also, such as the proof that .
a*Q =0 using the distributive postulate and~the definition of "O",
namely, for every. number b, b+0=Db, - E -

Have the class now see that acceptance of our ' new postulate makes it
possible to prove our proposition, "If two angles are vertical), then
they are equal"., A proved proposition is cafled a theorem. Have the
class list this first theorem in‘their notebooks, labeled "Theorems we
have proved." Since this theorem is a proved propogition, it can be

used in future as a reason to. support other ‘deductiord,. so we now have
one postulate and one theorem with which/to make further deductions. The
theorem and the postulate should now be applied 'in very simple deductions
which they make possible. Supply the class with a fact, and challenge
them to "deduce" another fact from it. Then challenge them to ,give a
reason to support each fact or statement they deduce. ' (This should-be
dore orally at this ‘stage, not written out formally.)

- What are acceptable as possible reasons.in this game of deduction?
Certainly, postulates (whlch have been accepted without proof) and theorems
(which have been proved) may fill this role. Show the class that some.
facts must also be supplied at the beginning of each logical argument
and if these are cited in a proof, the reason supporting them is statied
as "given." _Next, ask the class to tell you what they concluded about
ABC if 1f‘was given that it is isosceles. Discussion should reveal

- that deflnltlons may also serve as reasons fpf supporting statement

made in a deductive proof, gax%ng us four possible types of reasons,

L
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Note to Teachey:

. The teacher may now introduce the concept of a postulationai)system as the
organization of undefined teyms, definitions, postulates and theorems.

- It may be pointed out that the year's project in Tenth Year Mathematics
is the construction of such a postulational system concerming the materials
of geometry. However, one may also build a postulational system with the
materials of algebra or any,of the branches of mathematics, ver,
scientists, philosophers, and others who want to organize their ideas
systematically strive to use a postulational system Qs their model.

. It is interesting to note that Einstein s Relativity Theory was built
partly on a denial of Newton's ‘postulate that Spéce and time were absdvlute
(independent of any observen), while Einstein did postulate.that the speed
of light was absolute. The time for?iiscussang non-Buclidean Geometry is -
better postponed to tdle lesson when the paraliel postulate is~discu$sed.‘\<'

Other examples may be Presented which bear close resemblance to a postula-
tional system. The ‘Declaration of Independence may be such a one. It
postulates early in the document that "We hold these truths to be self-
evident: That all men are created equal: that they are endowed by their
Creator with certain inalienable rightsjee." After.presenting a mass of
evidence it concludes (theorems) with, "We, therefore...declare, that the
united colonies are, and of right out tg be free and independent states..."
Concepts, such as "free," "equal" are left undefined, whereas "inalienable
rights" is defined in terms of "life, liberty, and the pursuit of happiness."

—___—3dssons 5 and 6 ) . ‘~‘\i~§\\

Aim: To develop more definitions and to use them in building the studenta'

concept of simple deductions, -

' [ 4

_Now that we have defined one type of ansle palr (vertical anglss), let us
turn to definitions of other common angle pairs, Adjacent, supplementary,
and complementary angles should have definitiPns developed and recorded.
An appreciation of the need for precise definition should be 'developed
through such questions as, "Areméhree‘36° ‘angles complementary?" Diagrams
of overlapping angles with a common side and a common vertex can similarly
be used to emphasize the need for such a detail as th% requirement that
the cormon side be between them in the definition of adjacent angles.,

Now have the class consider two equal angles, each’ which has a sypplement.
What can we conclude about the supplements? They will*use the postulate
of the previous lesson to prove- that "If two equal angles each have a

supplement, then the supplements are equal." Is this a postulate or a
+ theorem? )

~ Similarly, thextheorem, "If two equai angles each have a complement, then
the complements are equal" should be developed and listed in the notebooks.
‘Note the advisability, wherever possible, of writing propositions in the
"if-then" form. Apply these theorems in simple deductions, asking the class
for oral ccnclusions. (statements) each time and a reason to support each
statement.

[ _ “ . .o o _15_
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Consider a situation involving more than one .right angle or more than one

straight angle. Get the class to suggest and prove the theorems, nIf

two angles are right angles, then they are eaNQ;:’;nd "If two angles ‘are

straight angles, then they are-equal." Use the n making further deductions
¥ 1in situations involving right angles or straight angles. It may also- be , '

desirable to introduce and use another postulate, "A quantity may be substi- . --

tuted for ar equal quantity in an equation" at thls'point. The teacher may

point out that’ this postulate was used throughout ninth year mathematics

whenever a varlable was replaced by an equal expression.

&

lessonsj-and 8 : . : N ' ' -

.

Aim: To prov1de fufther experience with deductlve proofs 1nclud1ng spme
involving more than one step, some requiring identification of ghat is .
given-and what is to be proved,. and some requiring diagrems to be ;

., made by the student. . "
Ask the class to draw two Lines which are perperdlcular to ‘each other, They
will usually draw one vertical and one horizontal. Challenge them to decide
whether two lines not so oriented gan be perpendlcular. What is thegessential
feature that determines whether lines are perpendicular? Evolve the definition
that "Perpendicular lines.are lines that meet ‘at right angles." . Apply this %
definition to deductions concerning the angles formed when two lines are «.

given to be perpendicular, and to deductions concerning the lines when’ the i

angles at which they meet are right angled, using also the theorem that

"If two angles are right angles, t,hen theg are equal." -

Mg;t;—steg deductions: Have the class note that the definition of perpendicular
lines permit us to deduce that we have right angles. What can we then deduce
concerning these angles? Note that often a deduction leads us to a fact '
which in turn permits a second deduction and so on. Thus, a whole chain of
deductions may result from one set of given facts.- : o

7
A

‘ _Note: The approach of this guide makes these early deductions easierﬂbecauseA
the students have only a limited number of postulates to work with.

a. Given: . /ABC = /ACB
all lines are stralght.

Deduce: [ABC /DCE




N\

b. Given: /x -[y Al

AT all lines are straight

Deduce: /r = /s

The teacher should encourage the
following form of argument.

Steps: x =y

ot y =
But - y=r v \ P
«%e 8 =-p

. ¢. Given: /1 = /3
_ ABC and DEF are straight lines

Deduce- [2 = [L '}

. & N -
/ A B C D E F
ﬁg : This uses the theorem on supplements which was ) ' . -
deduced from our single postulate. This is a good -

. time to introduce the meaning of sequence in a

Suggested exercises: ) /

postulatlonal system,

d. Given: AB ] EC, DE_L EF " A
o pmepmo- ?
Dednce: /GBC = /HEF . | . v

More exercises involving "two-deduction" proofs may be found in any textbook,

The "if-then" statement: Have students c6nsiden the theorem, "If two angles are’
right angles, then they are equal." What informatign does the statement assert
is given concerning these angles?: What information concerning-the angles

does this statement enable us to proye? At this point students may be presented
with the- concept of statements of implication which contain a hypothesis and

a conclusion. The "if-then" form of these statements is useful in identifying
the hy%oth931s as the "if" clause and the conclusion as the’ "then" clause., Tt
should be made clear that there is no judgneént concerning the truth of the
hypothesis or the conclusion. The implication asserts that if or whenever

the hypothesis is known to be true, thenithe conclusion will also be true.

e

, -
Have the students write in the "if-then" form and state the hypqth931s (glven)
and the conclusion (to prove):

‘Iron expands when it 'is heated. All straight angles are equal.
S , U | '



Nylon sweaters are warm.
. ~ .

Supplements of equal angles are equél.

t

khen two angles are equal, their
supplements are equal.

-Two angles.ére,equal when their

Complements of equal angles afe equal. ' complements are equal,
The mediqns to the legs of an isosceles When it rains, the sidewalks are

triangle are equal. - | c - wet,

. Diagrams: Consider the prop031t10n » "The bisector of the vertex angle of an
. isosceles triangle “bisect® the base. Students find two.difficulties here:
1) They cannot tell the hypothesls}from the conclusion in a simple sentence,
2) They cannot visualize the situgtion when a diagram is not given. They

. should suggest rewording the proposition in the "if-then” form and defining

such terms as bisector, vertex angle, and-base of an isoscelés triangle.
Bring out the desirability of having a diagram to picture the proposition.
Have the class draw a diagram to illustrate it and letter the diagram. The
ed for a large clear diagram and uniform lettering to facilitate class

N

lettered dlagram._ K

iscussion should be brought out. The teacher should circulate about the

om to inspect students' notebooks. State the hypothesis (giver’) in terms
of the lettered diagram and also the conclusion (to prove) in terms of the -

RN

Suggested exercises:

Make a lettered diagram, state the hypothe51s (given) and the conclusion (to -
proye) in terms of the diagram for each of the geometric statements in the
. earlier exercises in this lesson.

v

°
UNIT TEST

THE INTRODUCTCHY LESSONS

\\

y 1. a. Arrangé-thesé terms so that each is a subset effthe term which follows:

»

polygon, geometrlc figure, 1sosceles trlangle, trlangle, equllateral
triangle

-

State the superset that is used in the definitiongﬁf ;ach of the following:

1) median of a triangle 4) scalene triangle

. 2) vertical angles 5) supplementary angles

3) acute angle

Complete the following definitions:
1) Adjacent angles are a pair of angles Whlch...;

2) A right triangle is a triangle which...
3) Perpendicular lines are two lines which...

-18-
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L)

Prove or disprove by an experiment, using two samples: . !

L : :
The bisector of the obtuse_angle of an obtuse triangle bisects the
opposite gide. "

In each of the following pairé of statements, state which is the generali-
zation of the other:

a. 1) The acute angles of an isosceles right triungle are equal.
2) The base angles of an isosceles trianglc arc equal.

b. 1; If the sum of two equal angles is 90°, they are complementary.,
If the sum of two-‘angles is 90°, they are complementary.

c. 1) The sides of a triangle are segments of straight lines,
2) The sides of a pdlygon are segments of straight lines.

Write out a chain of deductions (with reasons for each step) to prove
that /ABC = /CBD, given that CB L AB.

State the hypothesis and conclusion in each of the following:

a. If two lines intersect, each pair of vertical angles are equal.
o. If equals are doubled, the results are equal. .
c. The COrrespondlng parts of congruent triangles are equal.

State a reason whichKSustifies each conclusion: ‘
a. Given: Ca | AB , | C b
' DB _j_ KB < ' |
=D
Csnélusion: A=/
b. Given:’[i = [y

Lonclusion: (1) fa = Zb
(2) /b= [c
(3) [a = [c

State whether each of the followirg is a definition, postulate or theorem:

a. An isosceles triangle is a trlangle which has two equal sides.
b. Every angle has a bisector.

c. Right angles are equal.

d. Complements of equal angles are equal.

e. If equals are subtracted from equals the remdlnders are equal.

19~



II.

CONGRUENT TRIANGLES

Lesson ] \

m: To introduce the meaning of congruent figures and 'congruent triangles,
to present the firs* congruence postulate, and to apply this congruence
postulate in simple proofs.

Development,:

The teacher should inform the class thit congruence is a basic concept
used in industry. Assembly line methods of production depend upon
congruent parts, Congruence is also an important logical tool, for
if we know, for example, that two triangles are congruent, we can ;
use this knowledge to deduce that any of the~tbrresponding parts are
equal.

\

The teacher should develop the definltlon of congruemnt -figures as

) "Figures that agree in all of their corresponding parts." Exhibit
to the class 'pairs of congruent polygons and pairs of congruent
triangles cut out of cardboard to emphasize the concept. The
advantage of the "correspondence concept" of congruence over the defi-
nition of congruence which speaks of "figures which can be made to
coincide" is that the first concept avoids the need to move figures
"without changing size or shape" to make them coincide. Iater on,
teachers may want .to have pupils move figures rigidly ‘to bring out
relations not easily seen otherwise. Many of the modern courses-in
geometry ‘' ‘ecommend emphasizing the correspondence idea in congruence
by using « method of naming congruent triangles which fakes ‘account

~of this; in this method of naming tridngles, if it is stated that

triangle ABC is congruent to triangle DEF, it is implied that A
corresponds to D, B to E, and C to F and that all the corresponding
parts are equal, The teacher may wish to avoid presenting a con-~
clusion using this method of naming triangles in order to avoid
giving too great a hint, but students should be encouraged.to .name
the triangles in that order as soon ai they know which parts are equal.
The teacher should have the class tell how many pairs of equal parts are
necessary, according to the definition, to establish that two triangles
are congruent. Have pupils list by name sthe eight pairs of equals
for two congruent quadrilaterals and do the same for the six pairs
of equals ir two congruent triangles.

Now draw a triangle and challenge the class to construct a congruept’
triangle, using.ruler and protractor. It will become apparent that
when only some of the pairs of corresponding parts have been con-
structed to be equal, the remaining pairs are forced to be equal,
"Use the blackboard or overhead projector to have some pupils drew
one.triangle which is oriented differently (say upside down) from
the other to disabuse pupils of some common misconceptions concern-
ing correspondence. After reproduc:mg the triangle by copying only
some ofh the parts, have students venfv the congruence by measuring
the other corresponding paxhs.
20— - \/
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In t e process above, the students may have discovered any or all of
th¢ three congruence principles. The teacher will probably want to
have the class concentrate for the rest of the lesson on one of the
w.ys (say S.A.S. =.8.A.5.) to force triangles to be congruent by

i8ing fewer pairs of equal parts than required by tne definltlon of
congruence.  Through questioning, the teacher should elicit from the
students that a principle has been discovered which will make it
easier to tell whether two triangles are congruent, that -.he advan-
tage of having this easier way would make them want to incorpcrate
this principle~ somehow into the body of knowledge being developed,

that the principle was established only by induction (some measure-
ments ), and that therefore it must be listed as a postulate., lList the
statement as "Two triangles are congruent if they agree in—two

sides and an included angle" (note that this is the correct way

to have students read orally the written abbreviation S.A.S. = S.A, S e
We may now use 3.,A.S. = S,A.S. to deduce that triangles are congruent.

The rest of this lesson may be devoted almost entirely to writing
deduction prcofs in two-column form, The problems should be very simple
and so stated that the "Given," "To deduce,” and the diagram are given
to the student. Such problems as the following might be suitable:

o (=R

-1, Given: EB = §D [\\\\\\\\\\\
AB = BC _ : 7 c

A

T
To deduce: s ABE = A CED A o N

2. Given: /1 = /2
AC = AB /!

To deduce: £y ADC'E £ ADB ~ CTp B
In attacking problem 2, students will note that they need AD = AD
to establish a pair of equal sides. Use this need to introduce
the postulate, "A quantity equals itself", "identity" for short,
which should be added to the students' notebook list.

‘3. Given: /ABD and /CED are rt. /s A

A

AB = BC . N |
o - 8 D

To deduce: /y ABD = A\ CBD ‘ | -

L. Given: /1 = /2

To deduce: £s ABC 2. ADC /!\ V
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It is advisable that three practices be s%arted in thls lesson which ’
will be valuable to the student:

to mark the diagram so that he can easily see the hypothesis

! to ide; (fy the statement in the first column that hgp established
* one of the desired conditions for congruence by the symbol (A) or
(S); thus in problem 2, the student writes the statements:

1, AC =AB (S) (preferably in this order so that SAS will
2. /1 =/2 () stand out)
3, AD=AD (S) ,

-

Lesson 2

Aim: "o discover and postulate the A.S.A. = A,S.A. and S.5.S. = S.5.5.
congguence principles, and to apply them in simple proofs.

Procedure: .

Ask the class what other methods than S.A.S. they have used to con-

struct copies of triangles, that is, triangles congruent to given ’

triangles. It is not necessary to repeat the experiments unleg;
the class fails to recall the use of A.S.A. and S.S.S.

! .
Postulate these new cdngruence principles and apply‘them in exercises
similar to those found in Lesson 1. Conditions in these problems
should be limited to those involving "identity", pairs, of right angles,
and pairs of vertical angles.

In addition to the two practices recommended in Lesson 1, have the
students decide which congruenCe principle to use hefore writing each
proof. . , .

.
lesson 3

Aim: To teach that correspondlng parts of congruent triangles are equal as.
a consequence of the definition of congruence.

Development : - N
Challenge the ¢lass to find the distance across the
lake from the measurements shown on the diagram.
How do we know that the distance across the lake
is equal to the corresponding side in the other
triangle? Have students recall that the defini-
tion of congruent triangles implies that all
pairs of ‘corresponding parts are equal. There-
fore, if we can first deduce that the triangles .
are congruent, we will then be able to deduce
the equality of the desired pairs of corres-
ponding parts.

~22=




it in notebooks.

.

It may be advisable toc use the term "bisecjor of an angle" in the

hypothesis of some exercises. The following exercise also helps <
the student to mainbain the practices given in the previous lessons,
Given: AD bisects /BAC ’* S .
AB = AC S
%
To deduce: /B = /C / o
B ¢ > 2. C N

Notice the use of the question marks to identify the parts to be
proved equal.

v

A question-answer interchange cgnceming the exercise might be as follows:

Teacher: What method carr we use to prove that /B = /C?
Student : The method of corresponding parts of congruent triangles.
Teacher: bWhat triangles can we usen?

Student: A ABD and A CAD Y
Teacher: vwhat method can we use to prove that A ABD =A CAD?
Student: SAS

Teacher: Name a pair of sides we can prove equal.

Student: BA and AC

Teacher: Name a pair of angles we can prove equal.

Student: £ BAD and ZCaD.

Teacher: Name a second pair of 51des We can prove equal.
Student: AD and AD

There should be several students partxclpatlng in the above interchange.
At -this point, one student should organize .the proof whlle others write

Have class do a number of similar exercises invalvmg correspondmg

. parts of congruent triangles. ) .. , .

Lessons 4 and

'

Aim: To de_irelop the addition and subtraction postulates and to relate
them to congruence. o

Develomment :

' /
Challenge the students to prove this exertise:

)

»

I3
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Students will discover that two of the equal line segments are

not long enough to be sides of triangles. Raise the question of

what must be done to each of these line segments to get the

required sides of the triangles. Students should realize that

we need the postulate, "If equals are added to equals, the sums
~are equal," /

A simjlar deVelopnent may be used for "If equals are subtravted

. fromy-%, the remainders are equal."” i
The &ddition and subtraction axioms should now be applied apart from )
triangles. They may be presented

{ as applied to instances involving ages and money
as applied to numerical values
\ : as applied to 1ine segments and angles not in congruent triangles

. When the postulates are understood, they should be applied to angles
o and sides of triangles. When incorporating these postulates within
a complete propf, the teacher. should make clear that three statements
are needed to reach the conclusion: /
!
a statement of one set of equals
a statement of a second set of equals

« statement that one sum (or difference) equais another

Suggested exercises:

4

Deduce: AB = CD-




—

Aim: To relate dongruence t?' pairs of supplementary and complemertary aixglee.
Development |

Supplementary and complementary angles have been studied and need only
to be reviewed.

N

The three practices of earlier lessons of marking the diagram,
deciding upon the congruence principle to be used, and identifying
the statements which establish the conditions for congruence are to
be maintained.

Suggested exercises:
1. |

iesgon Z

Aim: To define the nature of constructions
To give the topic its setting in the history of mathqnatics
To discuss some of the postulates related to constructions
To teach the first construction - the bisection of an angle

- . )

Development :

As in any other new topig, \students should appreciate the e’dﬂ!or'a
definition. In this topic it will be necessary to define %construction
as a drawing (the superset) which is limited to the use of two instru~ °
ments, the compasses and a straight edge or ummarked ruler. Other
drawings may be done with such instrumepts as the T-:/square, a marked’




ruler, paiallel rules, and ¢ tograph. It ies natural to ask why this
limitation has been impoued) by mathematicians. The answer is to \
found in the fact that assuming certain postulates of Buclidean =

4 geometry is equivalent to assuming that we can make the particular
/‘ ‘ constructions which are possible with streight edge and cqepasgea.

The postulates relating to constructions should be presented in te ‘4N,
of the instrument that accohplishes it. The following relate to t
use of a s»raight edge: [ .
One, and only one, straight line may be drawn between two given points.
Throuéﬁ—a given point any number of .straight lines may be drawn.
" A straight line may be extended indefinitely.

A/'v

'Tha«compasses have a dual purpose. Ther are used to draw an arc or(%o
lay off given lengths om lines. A
’ ’ C 9
The following postulates relate to the use of the compasses in con-
structions ) j -
) ' - Lo
A given line segment may be laid off any number of times on a given line
A circle or arc may be drawn with any given point as center and any
given line segment as radius. / .

2

o

When presenting the bisection of a given angle, it should be listed as a
construction theorem tofbe used to effect other constructions in the.

' same sense as a theoTem is used as the basis for subsequent deductions,
It should be listed As follows:

onstructien théf em #1; To bisect a given angle.

Students should see that th'e construction actually involves two congruent
triangles (based on the SSS pr1nc1ple) in which the desired halves are
corresponding angles of congruent triangles. This insight is the new
> aspect of this construction since the constructxon routine has been
// taught 1n previous grades. ¢
» \ i
b .
In teaching each new construction theorem this need to see ‘the deduction
" basis .for the construction should be the major emphasis in teaching and
learnlng. ,
v 4 .
r : A
A An exercise on biseEting a straight angle leads to the erection of a |
1 perpendicular to a given }ine at a pecint on the line. This latter may
- .be elevated to the 'status of a constructdon theorem.
) Cther exercise$s may consist of constructions of angles having h59, 2239,

~<_ +135°, and .674°. Complements or supplements of given angles should
N also’be constructed. ‘

/ : E
. . . s\

5




Lesson 8

Aim: To teach the cﬁxplicw on of given angles.
To apply this to congtructing multiples, sums, and differences of angles.

Development: Ty

Construction theorem #2, duplication of a given angle, is based upon the
SS5S principle as was the first-construction theorem. As the steps in the
construction are taught, the teacher should point out the equality. of
parts resulting in SS5. If this is done carefully, the student g1l be
able to supply the deductlon t@t proves the- equmty of anjles.,

Exercises may now be undertaken in which twice an angle, three times an angle,
and so on, may be constructed when the angle is given. Exercises involving
the sum or difference-of angles may be tried.

Problems such as constructing QZxr+ Ly or 3(/x + [y) should be discussed by
students in terms of the differences in order of operations.

sson and 10 v .
3 /o
Aim: To prove the theorem - if two sides of a triangle are equal, the angles
- opposite these sides are equal.
To initiate a. "How to deduce.,.." list in the student's notebook.
To give practice in the use of the theorem and congruent triangles.

Development : *

, This is the first lesson in which students are asked to do a formal
o deduction when given only a verbal statement., It is advisable to review
the copcepts of hypothesis and conclusion and their identification in a
- sentence having the "if-then|' form. When this is done and the :"Given,"
"To deduce" and the diagram have been written, the students should hava
. a)] opportunlty to plan the deduction in- the same manner as indicated
, in lesson 5. The formal deduction ghould now be written. \_,

The theorem should be included in the list of theorems in the student's
%otebook. The student should review the significance of a theorem in a
postulational system. . v

After the theorem is proved, accepted and z:eoorued students may show a
tendency to repeat its proof when confronted with. an exercise. They are
not alwfys aware that a theorem can act as a short. cut to a conclusion
when its hypothesis is known. For example,

Given: AB = ' » \

To deduce: /x = [y ! /\‘1— o L '




Some students will draw the bisectbr’of angle BAC and reproduce the statements
and reasons of the/isoscele$ triangle theorem in order to arrive at the con-
1us1on that /ABC = /ACB. A special point must be made of the function of
established theorem as the short cut which enables the student to say that
?%BC /ACB immediately after the statement that AB = AC, Thus, this theorem
ts as a method of deducing that - angles of a triangle are equal when the
opposite sides ax‘e equal. : :
The above approach should be the starting point for examining other methods
B of proving desired conclusions, Such an examination should lead to the
establishment of a new set of notes to be called, "How to deduce..." lists.
The "How to deduce that angles a;e,equal" list will now include the following:

. <
They are ideritical angles,

They are vertical angles. . -
They are right angles.
They are complements of equal angles.
They are supplements of equal angles. _
They are the sums of two pairs of equal i%gles.

> They are the differences of twa_pairs of fe qual angles.

"+ 'They are ,corresponding angles of ®qngruent triangles,

They are opposite equal sides of a triangle.

The next list, "How.to deduce that line segments dre equal" will contain:

. ' They are identical line stgments. ¥
They are sums of two pairs of equal line segments, )
They are differences of Y{wo pairs of equal line segments, "
4 They are corresponding parts of congruent triangles.

‘The students should now do a ﬁumberofeééduction exercises using the isosceles
triangle theorem and congruent triangles. FEncourage these practices:

- Mark the diagram to show the Rypothesis.

Use question marks to indicate the parts to be proved equal,

Plan the proof before writing using the "How té..." lists.

Use the’ symbols (A) and (S) as explalned in lesson 2, preferably in

the order ASA or SAS, .
Note. The theorem - if two sides of a triangle are equal, ~the angles opposlte _
these sides are equal - may be called for on the Regents examination. It is.
the first of 15 such theorems, Nevertheless, it would be a mistake to .
1nfonn students of this fact at this time. This knowledge may mive rise to
attitudes which would do harm to a student's proper understanding of the
subject

Have students realize that. the "How to deduce..." list will continue to grow
throughout ‘the term. For this reason, addltlonal space should be provided
in the student™s notebook. : \\\<
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lesson 11

“Aim: To introduce and apply the "halves of equals" and "doubles of equals"
postulates.

Develo pment :

Many students do not have a precise understanding of "halves." They
equate "half" to "“part." The difference betweén these concepts should °
be demonstrated with parts of angles and parts of line segments. It

is sometimes effective to first cotipare the two halves of a single
angle or of a single line segment with each other. Then compare the ~
halves of unequal angles or of unequal line segments with each other,
Only then should the class consider the halves of equal® This con-
sideration should apply to a pair of equals as they exist independently
and then as they are found as parts of the sides or angles of triangles.

“To

<

When incorporating this postulaﬁe within a complete congruence proof,
the teacher should make clear that two preliminary statements are needed -

before the desired conclusion can be made,

A statement of equals, - '
A 'statement that each has halves.

The statement that a half of one of the equals is equal to one of .
the halves of the other, .
. \
Suggested exercises:

e indicates a midpoint and a broken line indicates an angle bisector, ‘

1. o - 2, e

il
LN

‘5. £he trisectors of the vertex angle of an iso;celes tr:iangle are equal,

=29~




son ) : .
i , , ’
- Aim: To teach the student how to checK a deductioh proof.

Development : - o

Review the (npanmg of generalization,
Have the stiudent do a deduction proof as follows:

A

Given: ‘AB = AE' . :
BC = DE _ =
_ . . ;
To deduce: /x % b - ¢ ‘ ) »
B . D E . - . '
" Statements Heasons :
1, AB=AE (s) 1. Given _ A
. 3. /[B=/[E (&) 2. If two sides of a triangle ar equal, then the angle
. opposite these sides are equal. :
\/3. BC =DE (8) 3. Given o
Lo S ABC :‘:'AADE& 4. If SAS =@As the Ln(r Ganglos aNg congruent. .
5. AC = AD _ 5. If triangles are congtueny, then the corgp sponding 7
- parts are equal, .,
b [x =ty . ) " 6, If two sides of a triangle are equal, then the

se sides are equal,

angles. ogpo\lt et

Have the student check the proof. The check €opsists of two parts:

statement or '"given." The reasons’'ape defini

ions, postulates, theorems,
or given, ) i > - . )

—n
-

2. The conditions in the hypothesis of each reasop in the if~then form must
have occurred as the conclusion in a previous reason or "given," For
- -example, the "if" clause of-reason 6 has "two 51des of a triangle are
~ ~.equal.” This occurs as the *conclusjon of iwasui 5 L whichMeonrecponding
‘ sides are equal." . (The corresronding sides refer to the two sides of a
triangle.) ‘ :
A L
The check would continue with an examipgtion of the "if" clause of reason
5 which has "two triangles are commnt " Note that tHis is the con—
clumon‘o‘f reison. 4. §

\ —_—

These are found to Le conclusicns of Y)I‘SV‘.LOUS’ reason ox/ ref‘et‘rpo

The "11"} claug of reason 4 has three condi 1,1ons 5= S, A=A, and S = S,
O &s
"vlven "

™ . i : .
% 4
. One of the najor values’ of the check is that it furnl'sn/es the tzacker with a

means of éq\ldlnlno a nunber of errors commonly made by students. Some of
thiese errors are: . ' -

(Y

The reason ‘given does not fit the statement. This failure to fit is made
clear to the student by explaining that thé reason is not a generalization
or that the statement is not a specific case of Bhe reason.

\ 1
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» Statements are omitted. The student is led to recognize this when he
fails to find a hypothesis condition in a reason as the conclusion
of a previous reason. ) r

Statements are irrelevant. The-student is led to see this irrelevancy ’ .
when he discovers that the conclusion of a reason is not found to be - ‘
an hypothesis of a subsequent reason. \

Lesson 13 , : \

. . L 38 ' L4

Aim: To introduce the camcept' of -"definitional equivalence".:
To use this concept in simplifying proofs.

Development : ' S
Have the student consider the following two-statements:

BD bisects /ABC

W= /[2

B

Since "bisect" is defined as the dividing into two equal parts, the two
statements are equivalent. The two statements refer to the same in-
." formation or data. Therefore, when the hypothesis of a deduction
- exercise contains the information 'bisector of an angle," we may express °
this information as "/l = /2" in the hypothesis (if /1 and /2 refer to
the halves). ‘ ’

A d
\Q eciuivalent statements are: : . o :
: ' - “ . . /
Q (M is the midpoint of AB) <y (AM = MB) | ‘

-

(AEL.LBC) &> (/ABC is a right angle) -
- A

or AB_L_ cp c¥_n <> (/1 and /2 are right angles)
\ . ' - -

" (BD is a median of triangle ABG) <> (AD = DC)
- (ABC is an isosceles triangle) «=> (AB = AC) N
(AD is an altitude of triangle ABC) ¢« ( /1 and /2 are right angles)

] . . . . .

Students should be cautioned. that this equivalence is not to be confused : -
- with deductions, For example, if triangle ABC is given to-be an

isosceles triangle, the statement /B = /C is a deduction and needs a

reason to support it. However, AB = AC is definitionally équivalent and

can Be written in the hypothesis as such instead of " /\ABCis isosceles.”

~ Suggested exe'r‘cises: State the hypothesis and gonclusion for each of the
following ty using the principle of "defihitional equivalence."

The median to the base of an isosceles triangle bisects the vertemangle.
{ The median to the legs of an iso8celes triangle are equal. 3
i The ang}é bisectors-of the base angles of an isosceles triangle are equal,
The lines joining the midpoints of the sides of an isosceles triangle form
" another isoscélestriangle. . T

A
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Aim: To consider some exencises related to the isosceles triangle in order
to provide more drill'.in proving overlapping triangles congruent,
to provide more experience with medians, angle bisectors and altitudes
(needed in the subsequent lessons). \

Rad

[N

Development :
Have the class prove that the medians to the legs of an isosceles .

~ triangle are equal. Get pupils to see that they may use either !

the lower overlapping triangles involving the base as an identity,

or the upper overlapping triangles involving the vertex angle as
) an identity “fpupils are often surprised to discover an angle used

in an identity). Note the value of using colored chalk to outline

the overlapping triangles, and to make the identity stand out.

Next, have the class prove that the angle bisectors of the base
angles of an isosceles triangle are equal. The suggested approach
and comments on the exampld’ on medians are apropos here.

Ask the class to prove that the altitudes,to the legs of an isosceles
triangle are equal, Why can't this be done (at this time)?

Lesson 15

Aim: To show the need fcr “auxiliary triangles" in somé.congruence proofs;

Development :

Present. an exercise such as

Given: SP = QR
SR = PQ
PK = KR

To deduce: MK = KN : - .
_ P N— G
Students will sense the need to prove triangle MKR congruent to triangle
NKP, Discussion will reveal that triangle MKR cannot be shown con-
gruent to triangle NKP unless we can first get another pair of equal
parts. Such equal parts are obtainable only by first proving triangle
PSR congruent to triangle RQP,
. . Pl .

~ This is a good lesson in which to stress the need for a plan before
any steps are written in any proof; Teachers should also be sure
to.discourage listing a given fact before it is needed in a proof.

The use of colored chalk to outline pairs of congruent triangles is
,ighly desirable in cases where various pairs of triangles under
consideration overlap, as they do in this example, '

- . .
- 3 g
. L
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Lessop 16 ' ¢

Aim: To develop and list ways to prove lines perpendicular,
\\ To develop and prove the construction of the perpendicular bisector
of a given line segment.

o

‘. Development.:

If the diagram is given, students will suggest the problem, 'Is the
bisector of the vertex angle of an isosceles triangle perpendicular
to the base?! Create the nced for proving Iine, perpendicular, and
start the list of, "Methods of deducing th.t lines are perpendicular.”
" N ( .
The first method will aride fairly Quickly - show two adjacent angles
are- equal and supplementary. (Prove informally and list as a theorem
'If two adjacent angles are both equal and supplementary, then the
angles are right angles.')

Show that_thﬁ;e are an infinite number of perpendiculars to a given
line segment at various points on it, and review the method of erecting
such a perperdicular at a given point on the line as a special case of
‘bisecting an angle.

Now how could we get the perpendlcular to go through the midpoint if the
midpoint were not given? Note that there are also a® infinite number of
lines which bisect a given line segment. The one we want is called the

perpendicular bisector.

Chailénge the class to discover industively, in a few minutes, the
compass and straight edge construction of the perpendicular bisector
of a line segment. Students will readily suggest such methods as:

» L

)( or the usual

/ .
Whichever they like best, prove that the fesulting line is indeed a
perpendicular bisector. The proof will involve a review of the first
method of getting lines perpendicular and also the need for auxiliary
triangles in congruent proots.

Rephrase as "Two points, each equidistant from the ends of a line

segment. determine the perpendicular bisector of that line seguent,"
Add to methods of deducing that lines are perpendicular: Show that you

have 2 points each equidistamt from the ends of a line segment.
In éxercises, be sure students realize the value of this method as a great
shortcut, and that they know which is the llne segment. and whlch the line
determlned by the 2 points,

Lesson 17

Alm. To construct angle bisectors, perpendicular bisectors of sides, medians,
and altitudes in trlansles, to develop the construction of dropping a
, perpendicular from a given point to a given line,
' ~33~




De§glogment:

Have the class construct the three angle bisectors in a triangle. Also
have them construct t..e three perpendicular bisectors of the sides of a
- triangle. ;

AN
~

Next, ask the class to construct the three medians. They will see the need
for the perpendicular bisectors to locate the midpoint of each .side.
LS
Finally, challenge the class to construct the three altitudes of an acute
- , triangle. . It will be realized that we have constructed a perpendicular .
to a line only in the case in which we cduld start from a point on the
line 6w we are faced with the problem of consiructing a perpendicular
, from'a point outside the line. Recall the theorem that "The bisector
’ of the vertex angle of an isosceles triangle bisects the base and is
perpendicular to the base." Show how this theorem can be used as the
deductive basis for the construction of "dropping a perpendicular.”

Altitude of a triangle should be carefully defined and the cases of the
altitude falling inside, outside or on the sides ol the triangle discussed
informally. Students should $e required to construct altitudes for both
acute and obtuse triangles, efther in class or for homework.

] -
Students will enjoy discover the concurrency of the sets of three angle
bisectors, three medians, three perpendicular bisectors of sides, and three
altitudes. It will also be interesting for them to discuss under what
special circumstances one or more of the various special lines will be
identical with other special lines.

"

UNIT TEST

CONGRUENT TRIANGLES

2ad e Given: AB = IC
L=/ | A . B
educe: /B = /D

@

" Given: AB = KC
) /CAE and /ACD are rt. /s
AE = CD

To deduce: /x = [y




P

Statements | Reasopg

¥

1. AB=BC (S) o 1. Given o ' ¢
" 2. [CAE and /ACD are rt. /s 2, Given' '
3. [CAE = /ACD . 3. »
L. /BAE = [Mli\ (1) L. If equals are added to equals, the sums are equal.
5. AE=CD (S) 5, Given
6. ¢ ABE = /5 CBD 6. If ASA = ASA, the triangles are congruent .
7. BE = BD 7. )
8. “ZI = [y 8. If triangles are congruent, corresponding parts
'S ) are equal. '

Questions:
é‘

1. Supply the missing reason for 3.-
2, Supply the missing reason for 7, '
3. A statement was omitted before statement 4. Supply it.
%. Criticize reason 6 and give the correct reason. Reason 8.
5. May statement 5 be written before statement 1? Explain.
6. May statement 3 be written after statement 4? Explain.

. . A 7
3. Given: AB = AC :
BF = FC

Deduce: BD = EC

-

. 4. Prove by deduction: Two right triangles are cong‘ruent if the arms of one
' are equal respectively to the arms ‘'of the other.
, E /F

5. Given: AB=CD )
' BG = CG ‘ '

[A=/D

A g8 C
Deduce: AE = FD 3 \ b
‘UNIT TEST
' CONSTRUCTIONS
1. What ‘instruments are permitted in geometric constrlc:ions? r

2, Write one construction 'postulafé‘*elated to the use of a straight edge.

3. Write thion postulate ‘Melated to the use of the compasses,




4o Name the principles used to deduce the correctness of the

bisectior >f an angle N~ ' ‘
Zyectio; of a line segment’ :
uplication of an angle

5. Given: /x and [y, with /x éreater than [/y, use construction inatwnts to:

double [;
bisect [y
construct an angle that would be equ.... o2 fx-% [y

6 In triangle ABC construct:

the median from A
the altitude from C

-,
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- PARALLEL LINES

\ R
LESSONS 1 and 2 ‘ ’ \

Aim: to arrive at an acceptable definition of parallel lines : :
T to discover the angle relationship propositions which are used to deduce
that lines aré parallel
to arrange these propousitions in a miniature postulatignal system
to use the propositions in deducing tkat lines are parallel

'DeveloEment', .

\

Definition of parallel llnes. The student should realize that a new topic or
sequence should begin with an acceptable definition for each new term used ’
unless it is to te listed as "undefined." There are many illustrations of
parallel’lines (railroad tracks, etc.) in the world about us. Members of the
class will therefore readily suggest possible definitions of parallel lines.

3 C~
Tn establishing an acceptable definition for parallel lines,‘th;)frequent @
suggestion that they are always the "same distance apart" will proyide
opportunity to discuss the requirements of a good definiticn. Since "distynce"
-has neither been defined yet nor accepted as undefined, it should not be usid

~in defining parallel lines. It may also be necessary for th teacher to ch

"ienge ‘the class to include the requlrement that the lines be "in the same plane"
by exhibiting pencils or rulers held in a position to represent skew lines
(1ines not meeting which do not lje in the same plan€). The definition of
parallél lines should then be stated.

¥
|}

. It should also be pointed out that segments of parallel lines are said to be
- parallel if they lie on parallel lines.

Experiment #1: How many lines are there parallel to line AB, and going through

a point C outside of AB? Students should experiment by rotatlng a pencil through
C until it attairs a position in which it seems to be parallel to AB. They will
usually arrive at the generalization:

(A) "There is one and only one line ' u\@

parallel to a given line through a
given outside point." This should
be accepted as a postulate., Note to
teacher: The existence of at least one A . B
pardllel line can be proven from the

other axioms of Buclidean Geometry.

Euclid's assumption was that there was

not more than one,

\




. '@ o
In accepting this generalization, the students should be lead to the question
of how to construct th s line. It will be readily seen that the definition
) of parallel lines is ihadequate for this purtose.

+  Experiment #2: Students should be shown how *

a draftsman constructs parallel lines by
the use of a triangle held in two different
positions against a T-square. This will
suggest the use off a reference line
(represented. by tde T-square) cutting the
two lines whose parallelism is belng
discussed. p
ré . ' 1
Students should now be asked to continue
the experiment in which a pencil is
rotated, but with an added refeérence
‘1ine (identified as a transversal) which
Joins C to any point of AB.

J
They shoukd be asked to consider such
questions as: Does any relation n
in the-figure help to identify the ! ,
position in which the pencil'is parallel A
to A (8 angles are formed and should
be numbered.) Do any relationships
appear to hold between some of these
when the lines are parallel, but not to
hold when they are not parallel?

In making the generalizations from these experimepk$§, the Aeed for ‘the introduction
of the terms exterior angles, interior angles, cérresponding angles, alternate
interior angles, and consecutive interior angles will arise naturally out of the
students' efforts to describe certain angle pairs. The use of these terms implies
the presence of the transversal. n -

-~ Geheralizatlons' Students will regélly arrive at generalization (B) and (C) and,
through teacher questioning, can be led to formulate (D): .

: (B) If the corresponding angles are equal then the lines are parallel.
{C) If the alternate interior angles are equal, then the lines are parallel}
(D) If the consecutive interior angles are supplementary, then the lines are
\\\‘\\ parallel.
(E) Two lines perpendicular to the same line are parallel.
“,
The construction of a line parallel to a given line by equal alternate interior
angles or equal corresponding angles (pne may be done in class, one for homework)
will now serve to verify and to reinforce the generalizations made above.

- =38-
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Students will fnégggbtly suggest accomplishing the construction by dropping a
pérpendicular from the given outside pcint to the given line and then erecting
a perpendicular to this transversal at the ocutside point. This makes an
excellent introductign to generalization (E). If this does not arise spon-
taneously, the teacher should attempt to get students to suggest this method

and gen ralization.

P tu1ational System: The student should be led to realize that he has not yet
given a deductive proof of any, of the generalizations concerning parallel lines.

Can any of the generalizations be deduced from the others? Students may

suggest that "2 linesg perpendicular to the same line are parallel® is a special =4
case of "equal corre ponding angles." Discussion and informal proofs should —=*
further bring out thay if we accept "equal corresponding angles" we can deduce
"equal alternate interior angles" and that if we accept "equal alternate in-

terior angles® we can deduce "equal corresponding angles.” Does this mean that.
both are proved as theorems? Here is an opportunity to reinforce the concept

of the invalidity of circular reasoning

|4

The student should be led to see that "supplementary consecutive interior angles'
can either be a consequence of "equal alternate interior angles" or of "equal
corresponding angles," or the latter two can be deduced from it. Therefore,

if we choose to assume or postulate any one of these 3 generalizations, we can
deduce the other two and also "lines perpendicular to the same line" (theorem)
- from it. The class should be allowed to make the ‘selection and the generaliza-
tions should then be recorded under the appropriate "postulate" or "theorem®
lists. . .

A diagrammatic representation of this miniature postulational system will help
to promote understanding:

POSTULATE : THEOREM _ THEOREM

If the corresponding ;4— S4If the alternate interior-——eﬁ If the consecutive

angles are equal, angles are equal, then interior angles are
then the lines are the lines are parallel. supplementary, then
parallel, ) the lines are parallel,

3

Q . 2 lines perpendicular

to the same line are
parallel.

The teacher should stress that the selection of postulates is arbitrary. This
selection is subject to the desirability of keeping postulates to a minimum
number necessary to deduce all the generalizations.

The Parallel Postulate: Generalizations (B), (C),: (D), and (E) are in a sense
dependent upon generalization (A) since (A) asserts the existence of the
pardllel lines for which the others show the sufficient conditions, (A) must
therefore be a postulate and listed as such.




e .

] . .
The teacher should now recount some of the history of the Parallel Postulate and
.point out that mathematicians, after failing in their efforts to deduce it from
- other postulates, examined the consequences of accepting some alternate postu-
lates in its place (that there are 2 lines parallel to a given line through
a point outside it or none parallel). The theorems-deduced from each of these
postulates form non-Euclidean geometries which are valid. ‘ere is an opportunity
to distinguish between truth and validity. Students will want to know which of
the geometries is the "true" one. It should be pointed out that each of the
geometries is useful in interpretlng situations in the real world. ‘The teacher
may return to this point in discussing the sum of the angles of a triangle in a
later lesson.

Ways to deduce lines parallel: What ways do We now know to deduce lines parallel?
Propositions (B), (C) (D), and (E) should be recorded in notebooks under a new
list headed "Ways to deduce lines parallel..

Deductive proofs involving parallel lines (see any textﬂkﬂk)fShould ‘be done in
class and for homework. In the more complicated diagrams, the necessity for a

. ready means of recognizing alternate interior and corresponding angles will
arise. When pencil drawings are used, have the students outdne in ink the
sides of the angles. This will result in the characteristi " for correspond=-
ing angles and "Z" or "N"™ for alternate interior angles.

Numerical and algebraic exercises: It is suggested that the teacher introduce
* some numerical and algebraic exercises on ‘the use of these propositions before
the formal deductive exercises are attempted.. SuEgested exercises'

1. If /DAB is 70°, and /DAE is 30°,
what angle would you
need to know to prove that DA
is parallel to FB? How many
degrees would it have to contain?

Answer the same questions for
proving that AE is parngel to BG.

2. If /A is x° and /CDA is "180° - xO

which lines can you prove parallel’/// ///

3. If /1 is 80°, and /2 is 80°, \
explain two ways in which you .
could prove that AB is parallel //
| ¥ 4

@ — C

/ .‘,). 2/}1)
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LESSONS 3 and L
4

L

Aim: to discover ‘the propertie\s of parallel lines
to apply these properties in deducing facts about angles
to introduce the nature of the converse

Development :

Experiment: In an experiment similar to the
experimants in lessons 1_and 2 on parallel
lines, students are instructed to move a
pencil to a position such that the alsernate

Ol‘@

interior angles appear equal, then to a ,-';‘ ‘ A / B
position in which the corresponding angles *

appear equal, finally to one in which ‘

the consecutive erior angles appear supplementary. In each case, what fact

rmust regult in regard two the position of the pencil in 'relation t&AB?

~

Next, have students move the pencil until it appears to be parallel to- AB.
What fac“s must result in regard to the size of the alternate interior angles,
the corresponding angles, and the consecutive interior angles?

Are the generalizations resulting from the second part of this experiment

the same as those from the first? Consider: If you draw 2 right angles, they \/
must be equal. If you draw'2 equal angles, must they be right angles? This is

The first time that students have met the concept of converse. The definition

of converse should now be given. Exhibit the hypothesis an&v the conclusion of

one theorem written side by side with those of its converse. This arrangement

will Kelp to_peinforce the meaning of converse. ‘ '

dne function of a converse is to suggest new propositions which may be formulated
from the converses of accepted propositions. These converses may then be investi-
gated. This procedure and thtbove experiment should lead students to state:

Generalizations: ¢

(F) .If two lines are parallel, then the corresponding angles are equal.

(G) If two lines are parallel, then the alternate interior angles are equal.

(H) ‘-If two lines are parallel, then the consecutive interior angles are
supplementary. ‘

(I) If two lines are parallel, then a line perpendicular to one of them is
perpendicular to the other. : .

Generalizations (F), (G), (H), and (I) can now be arranged in a logical sequence
(one selected as a postulate with the others deduced informally from 4t) as was
done with the converses. Pupils should also list (F) and (G) under "Ways to
deduce angles equal," (H) under "Ways to deduce angles supplementary,” and (I)
undsr "Ways to deduce lines perpendicular.®

Deductive proofs of originals involving parallel lines (see any text) and these
generalizations can now be undertaken. Some exercises should include cases ¢n
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which lines are proved parallel by using angle relationships and in which angle

relationships are also proved by using parallel lines. These will give students

practice in distinguishing whether a theorem or its cofiverse is the appropriate

reason for a particular statement. Insistence on the "if-then" form of the

statement of the parallel line generalizations will help avoid the error-of

using the converse instead of the correct reason (the "if" denotes the hypothesis

of an already established deduction, the "then" indicatgs what we are deducing

in this step). ) ( T v . .

-~ " Numerical and &\gebraic exercises: In addition to formal proofs, numerical and
algebraic examples involving finding of am;les ¥onnected with parallel lines are
appropriate here. ‘ ’ :

Suggested exercises: 4 B 2 A
1. If BA {is'parallel to DC, /B is 50°
. and /D is 32°, find /BED. £
D (¢
\ X ~.
~ . \ ,
2. If 2 parallel lines are cut by a ,
transversal, find the two interior
. angles on th® game side of this

transversal if one of them is 30°
more than the other.

o ¢] f"‘"

E
. A
3. If AB is parallel to CD, /EFD is
12;0’ EG bisects /FEB, and /EGD is
O, find x. :
’ o] ¥ —% D

with some non-geometric situations, The teacher can begin by g two converse
statements on the board: "If I am thirsty, I drink water" and "If" I drink water,

I am thirsty." Do these statements mean the same thing? Discussion of this

and other situations, both geomstric and non-geometric, should result in the con.
clusion that a true proposition may have a converse that is either true or false.

Converses: A more extensive treatment ofgthe concept of the co:@_: should begin

Students should be given exercises in forming the converses of statements, some
of these converses$ being tmue and some being false., The students should be asked
to judge the truth or falsity of the converse,

The danger of unsound reasoning by assuming the truth of a converse should then
be discussed. We know that if an angle is an obtuse angle it is less than 180°;

it is not true, however, that all angles less than 180° are obtuse. Exercises
on identifying such unsound reasoning under the heading, “Assuming a converse"
should be given to the class, jsing both geometric and non-geometric contexts.

Suggested exercises:

1. If two triangles are congruent, then a pair of corresponding altitudes are P
equal. Therefore, if two'triangles have a pair of altitudesequal, they are
congruent,

AN Vs
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2. A11 good citizens vote. -Since Mr. X voted,'he must be a good citizen. .

3o Advertising matter %fken provides a fertile source of illustrations of an
appeal to unsound reasoning by "assuming a converse." A Fireball Motor ad
reads, "If it's a Fireball Eight, it's a good car." This may be a perfectly
sound statement, but the advertisers hope the public will assume that, "If
\t's a geod car, it's a Fireball Eight."

The possibility of having either true or false converseg ta_true propositions

. should be compared with the uation in definitions. Definitions are alwggg
reversible, A term and the words that constitute its definitlon .are equivalent,

and one may always be substituted for the other, ’ .

L}ssons 5, 6,and 7 ' o

Aim: to deduce the theorem on the sum of the angles of a triangle
to deduce a number of corollaries to the theorem ,
to apply these in deductive, algebraic, and numerical exercises

Development:

Experimené: Students are familiar with the
. fact that the sum of the angles of a
triangle is 180°. The following experiment
. 1s suggested as a means of making the fact \
more vivid and of suggesting the procedure
used in the deductive proof:

\w

Have each student e a paper triangle, tear off the 2 base angles, and place
them adjacent to the vertex angle as shown. He observes that a straight angle
is formed.

. Deductive proof: ‘Have the students do a deductive proof of the theorem.

The nature of a postulational system: The teacher should now have the class
trace back the deductive chaim on which this theorem depends. If we were
unwilling to accept the Euclidgan Postulate, would the sum of the angles of a
triangle be 180°? Tell the clags that the sum of the angles can be deduced to be
respectively less than 180° arid more than 180° by using the 2 non-Euclidean
postulates, Mathematicians once thought of measuring the angles of a huge
triangle to deternine which of the postulates was ti "true" one, but.found

that no conclusion could be reached because the limitations of the measuring
instruments produced results greater than, less than, and equal to 180° on
different readings for the same triangle.

Corollaries: The corollaries to the “sum of the angles of a triangle" theorem
can best be developed by having the students.

con51der a nurierical exercise (find the other acute angle of a right triangle
in which one acute angle is L0°)

generallze from numerical exercises (the acute anglesof a right triangle are
complementary)

-43-
/




S N ~

%,

deduce {informally} the generalization from "the sum of the angles of a
triangle™ theorem.
v (g
The following corollaries can each be treated in this manner:

(a) A triangle can have at most one right angle or one obtuse angle.
(b) The acute angles of a right triangle are complementary.
(c) Each acute angle of an isosceles right triangle is L5°,
(d) Each angle of an equilateral triangle is 600,
(e) The 'sum of the angles of a quadrilateral is 360°,
(£) If two angles of one triangle equal two angles of another triangle,
their third angles are equal.
(g) The exterior angle of a triangle equals the sum of the two remote interior
angles.

Item‘(g) above should be demonstrated both as a comséquence of the angle sum
theorem and directly trom the parallel line theorems (by drawing a line through
the vertex of the exterior angle psrallel to the opposite side of the triangle).

Item (d) should be epplied tQCthe .construction of the 60° angle and other angles
wh@y be constructed from®the 60°- angk .

. "

* Numerical and algebraic exercises: The angle sum theorem and its corollaries shoulq‘
be applied in various numerical and algebraic examples. -

Suggested exe|rcises:‘,i

1. Find the number of degrees in each aégle of a triangle whose angles are in
the ratio 2:3:L.

2. The vertex angle of a triangle is §0°. The bisectors of its base angles
meet at D, " Find _the number of degrees in the acute angle formed by the
\bisectors at D. .

. 3. Angle A of triangle ARC is equal to x°. Represenﬁz in terms of x, the
number of degrees in the angle formed at the intersection of the two
- altitudes from vertices B and C. What-have you proved. about the relation-
ship of this angle to angle A? :

UNIT TEST

_ PARALLEL -LINES

* 1. a) Through point P, a point outside a éiven line AB, construct a line parallel
to AB.
b) State the pogiﬁlate or theorem which justifies the method- you used in part a).

4 - ’ - %
' . ' “
.
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7.

Prove: BC || EF

a) The exterior angle at the base of an isosceles trlangle is 130°. Find the
vertex angle.,

t) The exterior angles at two vertices of a tri&gle are acute angles. Is
this statement alwa:,s, sometimes, or never tru/e'> :
2 B

c¢) If AB is parallel to CD, /1 A 3
equalsi2x + 50%, and /2 equals
Lx - 10°, find angle 345 1 .
. / D -

d) If AB is parsllel to CD and the A E/ B
bisectors of /FEB-and /EFD meet :
at G, find the number of degrees " .
in angle G.

o~ C D

v

Tell whether eash of the following examples of reasoning-is‘sound or unsound.\
If unsound, explain why. ,

In the tropics,(Tt is very rainy in July. Therefore, if there is a very

rainy week in tfle tropics, it must be July. = :

In New York in December. the sun never sets later than 5:15 p.m. Therefore,

Af the sun sets at 5:03 p.m. one day in New York, it must be December.

Write the converse of: "If the median to the base of a triangle is perpendicular
to the base, the triangle ig isosceles.™

A ) : : J o
Arrange the following statements in a logical sequence: )

The sum of the angles of a triangle is 180°,

Parallel lines are two lines in the same plane that do not meet.
When two parallel lines are cut by a transversal, the alternate interior angles
are equal, :

Through a given point, one and only one straight 11ne can be drawn parallel to

a given line, . B E

Given: AB || DE
AB = DE .
AD = CF

) B 7

Prove "The sum of the angles of a triangle is 180°,"

R

LN
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CONGRUENT TRIANGLES CONTINUED aND TWO LOCUS THuORENS

¢ lesson ]

'

aim: To deflne distance from a point to a line.
. To develop another corollary of the "sum of the anglés of a triangle"
- theorem, namely: :
"Two triangles are congrpent if two angles and a side opposite one of
them are equal to the cg:respondlng parts of the other" {SAA = SAA)
To deduce "Any point on the bisector of an angle is equidistant from
the sides,"

. Development :

’

Ask a question to elicit what we should mean by the distance ffom the
school to Avenue. This leads to the postulate The shortest line
segment from a point, not on a line, to that line is the perpendicular
from the. point to the line. Therefore, we arrive at the definition:
The distance from a point -to a line is the léngth of the perpernditular
from the point to the line. :

Note: The above postulate will become an ezsily proven theorem if the
first lessons on Inegualities are taught before these lessons,

Experiment: Have each student draw amy angle and
bisect it. From any point P on the angle bisector,
drop perpendiculars to the arms of the angle. What
appears to be true from the diagram? Can we deduce A
it?

The class can be led to deduce the generalization "any point on the bisectorof

an .angle is equidistant from the sides." .The deduction would probably be done

by using "if two angles of one triangle equal two angles of another triangle, -
the third angles are equal," and this in turn leads to the ASk = ASA congruencs
principle, ‘ ‘ .

Have the students realize that the two triangles agreed in a side und two angles
which did not include that side. However, these triangles wers shown to bs .
congruent, Will such triangles always be congruent under these conditions? ce="
Have students deduce "If a triangle has a side and two angles which do not incIu‘He
this side equal to the corresponding parts of another triangle, the triangles

.are congruent .

Teacher: Shall we 1list this in the same list in which we placed 8
ASA = ASA, SSS = 335, and SAS = SA3?

Student: No. We postulated those three methods after experiments. This.
method we deduced, Therefore, it is a theorem and should be listed
as such, (Have members of the class 1ist the 3AA =- - SAA theorem. )

~dib= Y
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Have the students now state the peneralization from the experiment:
on the bissctor of an anrle is equidistant from the sides."™ This stiould now
be deduqed infcrmally using” SAA = SAA and listed as a fhoorem.

LESSONS 2 _an

"Any point

Adm: to deduce the converse of "base angles of an isosceles triangle" theorem

Develogment:

Experiment: At point B construct an -
angle equal to /A so that the angles

will be consecutive interior angles. A

What do you.notice?

4

&

B

The students will discover the isosceles triangle and can be led to realize that
it appears reasonables"If two angles of a.trianple are equal, the sides opposite

these angles are equal."
"base angles of an isosceles triangle™ theorem,

They should recognize that this is the converse of the

Teacher: We deduced that if two sides of a triangle are equal, the angles

opposite these sides are equal.

a8 theorem?

Student: No., We must deduce it too.
necessarily valid,

Can we 1ist the converse now as

The converse of a theorem is not

Teacher: Why didn't we deduce the converse when we first deduced the theorem?
Student: The deduction of the converse probably” depends upon some new theorem.

Have students deduce "If two angles of a triangle are equal, the sides opposite

,these, angles are equal."
"as was done in the original theorem.

by SAA= 34A, LThe converse can now be listed as a theorem.

They will probably suggest drawing in the angle bisector
The triangles are easily shown.congruent

Have the students discuss the sequence: g
THEOHRM THEOREM THEOREM THEOREM POSTULATE
If two angles SAA=SAA Sum of anglesF%_.If two lines are #%AIf two. 1ines are

of a triangle
are equal, the
19ides opposite
are equal.,

Teacher: This converse makes us more powerful in geometry.

of a trlangle
is 180

parallel, alter-
nate interior
angles are equal,

parallel, corresH
ponding angles
are equal.

POSTULATE

ASA = ASA

’

Why?

Student: It gives us a new method of deducing that lines are equal.

Have the students add the converse to "Ways to deduce lines are equal.”
If the lines are in the same trianvle, deduce the angles opposi‘*e these sides

are equal.

Apply’the converse to original exercises (see any text).

EKC
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LESSQNS L and § .

-~ L
Aim: to discover that SSA = S3A does not necessarily make two triangzles conpruent

to deduce "two right triangles are congrugnt if the hypotenuse and a leg of
one are equal to the corresponding parts of the other"

to deduce the converse of "any point on the bisector of an angle is equl-
distan’. from the sides " g

Dgyeiggment:

Teacher: We hawe found that triangles are congruent if SAS = SAS, or 3S3 = S35,
or ASA = ASA, or SAA = SAA. What question doyou think a mathematician
would naturally ask next? ’

Student: Are there other ways to show triangles congruent?

Teacher: Can you suggest some other possibilities which we mlght examine?

Student: Perhaps AAA = AAA, or SSA = SSA might be such other ways.

Teacher: We call this method of di'scovering new propositions "Reasoning by
Analogy."™ The propositions suggested for examination have elements
which are similar to the propositions slready accepted or deduced.

You should recall earlier in tre term we examined such statements:

Joan is a very good student in mathematics, Therefore, she will be
a very good»student in social studies.

Have the students realize that analogy is a good way to set up or discover a
new proposition for investigation, but it is not a valid way ofarriving at the
"truth" of the proposition,

Experiment: Have the students examine the possibil%ty of AAA = AAA as a method of
showing triangles congruent. They should be led to see that this is an incorrect
way of deducing congruence., Students disccvered that triangles having three
angles of one equal to three angles of the other are said to be similar in Ninth
Year Mathematics.

Expériment: Have the students examine the possibility of SSA = SSA as a method
of showing triangles congruent. Draw any

isosceles triangle. Draw any line from
the vertex to the base. Triangle ABD 1/‘//"// .
and triangle BDC have SSA = SSA. Are TR -4 NG

they congruent?

The teacher might cut out triangle ABD and BDC and poiit out that they agree in
SSA. However, when the students\attempt to make the triangles coincide, matching
CB and AB, ép and éA they find the trlanglns do not coincide and are not con-

gruent.

Have the students examine their original drawing and consider under what conditions
the triangles would be congruent. The conditions would be that

BD is a median (SSS = SSS)

ED is an angle~bisector (SAS = SAS)
HED is an altitude (SAA = SAA)

-L4e-



Tin

"

\

Have the students consider the case

then BD is an altitude. Cut out .

two triangles as shown in the diagram \L——
« at right.

Teacher: I now have two separate triangles which agree in these lines’
(hypotenuses), in these lines (HD), and in these right angles. Are
the triangles congruent? ~—~ . .
Student: They have SSA = SSA. They are not necessarily congruent.
Teacher: What happens when I place the
©  triangles together in this

manner? ‘\\\~

N ' ‘ v / A
Student: If we put the triangles together, they form an isosgeles triangle
whose base angles are equal. Therefore, they are congruent because
- SAA = SAA.
Teacher: "Whenever we have two separate triangles, can we put them together by
matching their equal sides and in this way form a big triangle?
(Show two triangles with a pair of equal sides matched which does not
form a triangle. For example, match the hypotenuses of the two right
triangles, or match AB and BC of the original two triangles.)
Student: No, They usually form a four-sided figure.
Teacher: Why did the two triangles form a large triangle earlier? (Show again.)

The students will agree that the right angles made it possible to form a large
triangle from the two triangles.

Have the . students now state the proposition: "Two right triangles are congrient if
the hypotenuse and a leg of one are equal to the corresponding parts of the other,®
(The students may say that the triangles agree in side, side, and right angles. The
teacher should agree, but introduce the conventional terminology.)

Use the models and have the students do the deduction orally.

Give careful attention to the three steps which show that the large figure is a
triangle and not a quadrilateral. Have students do the deduction and place theorem
in list. . ,

Apply the theorem to exercises.

Have the students state the converse of "Any point on the bisector of an angle is
equidistant from the gides."” Deduce this ccnverse and place in list.
" ~ :

/
LESSON 6
éiﬂ' to introdgce the 1dea of locus

Note: The idea of locus should be developed through the year particularly in
relation to coerlnate geometry

49~ A




Development:

Have the students consider the following
challenge:

A treas is buried on an island, Two
hints are given, The %treasure is known
to be (1) equidistant from the two
straight shore lines and (2) it is
equidistant. from the two palm trees

A and B, Where is the treasure?

The first hint will suggest an angle-bfgector. Have the students draw the
angle-bisector of the two straight shore lines and color it.

Teacher: How did you know that all of these points were equidistant from
the straight shore lines?

Student: We have already deduced that "Any point on the angle-bisector is
equidistant from the sides of the angle."

Teacher: Perhaps some other points like this one (point to one not on the

' angle-bisector) is also a point equidistant from the sides of the

angle,

Student: If that point were equidlstant om the sides of the angle, it would
lie on the angle-bisector., We have already deduced that too. -

The teacher should point out that it is necessary to establish both a theorem and
its converse before we can be sire.that we have located the set of points which
satisﬂg a condition. The notion of a set implies thrat it contains all the
elemen}s, and only those elements, which satisfy a given property.

Teacher: We call this cclored line the /locus (or set) of all points which .
satisfy the first*hint., Who can suggest a locus of all points which
~ catisfy the second hint?
Student: A point halfway between A and B,
Teacher: Ig that the only point which satisfies the hint "equidlstant from
A and B?"
. ’ . .
Students will quickly see that all the points of the perpendicular bisector satisfy
the condition. ~ They will be eager to note that the one point common to each locus
is the place to dig. v

The teacher should now formalize the discussion. Suggest the following format for
locus theorem: The locus of all points which is . The blanks can .
be filled in only when both (1) a theorem and (2) 1ts converse have been established.

The two statements relating to "equidistant from 2 lines™ have been given.
E
Any point on the angle bisector is equidistant from the sides.
Any point equidistant from the sides of the angle is on the angle bisector.

Have the students state and deduce orally the two statements related to "equidistant
from two points."

If a point is equidistant from two points, it is on the perpendicular bisector
of the line segment joining the two points.

If a point is on the perpendicular bisector of a line segment, it is equidistant/
from the ends,
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Have the students list as a theorem the one locus stetement noted as a com-
bination of the two angle bisector statements.

The locus of points within an angle and equidistant from the sides of the
angle is the bisector of'that angle,
-g:!
Have the E;udents list as é theorem the one locus statement not ed as a com=-
bination the two perpendicular bisector statements.
. /’ /
. The locus of points equidistant from two given points is the perpendicular
- bisector of the line segment joining the two points.

Apply the theorem to exercises involving each, or both of the loci theorems.

, ' UNIT TEST

(eeNGRUENT TRIANGLES CONTINUED AND TWO LOCUS THEOREMS

I. Write in order the sequence of propositions leading to the SAA = SAA theorem,

<
2. Deduce: If two angles of a triangle are equal, the sides opposite are equal.

3. a) Find by construction a point on BC A —D
which is equidistant. from points
A and B.
b) State the locus theorem which B C

Justifies your construction.

L. a) Deduce: "Any point equldlstant from thé\sides of an angle lies on the
bisector of that angle.” ; '

. 14
/\'

b) State the cisyerse of the theorem in a). —/

c) Why must deduce both theorem and converse before being .satisfied that
the set points on the angle bisector contains all the elements whlch
are e distant from the sides of the angle and no others?




N ' V.
8 ' QUADRILATERALS ]
LESSON 1 *

Aim: to define quadrilaterals’

Development: , ,,.

Have the students review that quadrilaterals may assumé the sp=cial forms of
square, rectangle, and parallelogram. To these should be added the rhombus,
trapezoid, and isosceles trapezoid.

Have the students list the quadrilaterals and consider a sequence starting
-with the quadrilateral which is itself a subset of polygons. They should use the
concepts of superset and subsets in defining the quadrilaterals. Subsets of
quadrilaterals are parallelograms and trapezoids. As each of these is developed
into their subsets, the following pattern will evolve: N

trapezoids ———> isosceles trapezoids

/ rec tang1987 squares
f§§-\--~‘~§~"‘7; parallelograms‘fi:;Trhombuses

The project of formal definitions may now be undertaken. It should be clear that
the classifzigg parts of the definitions have been determined. Thus, "A rectangle
is a parallelogram which..., or "An isosceles trapezoid is a trapezoid which..,."

-~ It remains to determine the dlstlngulshing properties which permit us to distinguish
the object being defined from other members of its superset,

quadrilaterals

The definitions Epr trapezoids and isosceles trapezoids should be undertaken first
since they present no serious difficulties and should be recorded in notebooks as
definitions, _ »

The teacher will find that some students will suggest as the distinguishing property
of parallelograms that the:oppogite sides are parallel, others that the opposite
sides are equal, and.some that the opposite sides are both equdl and parallel. ' The

Y
L
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studehts may suggest the following about ‘the opposite sides of a quadrilateral:

whenever they are parallel, they are also equal
whenever they are equal, they are also parallel

Have the students conduct experiments to show that both statements are true.
These should be done quickly. The results of the experiments suggest that
only one of the properties is needed for our definition. Mathematicians
have agreed to use the parallelism rather than the equality conditions.

For this reason it is called a parallelogram rather than an equalogram.

The definition of a rhombus should be "a parallelogram in which two adjacent
sides are equal.”" It is natural that this will arouse the students' curiosity
concerning the equality of all the sides. A number of students will offer
deductive proofs that this is so. Do not discourage these offers. If none
are offer’ an experiment should be used to examine the question.

prefers that the distinguishing properties be fluced to a minimum. This
ideal unifies the subject matter for young stullents but the teacher should
recognize that, since definitions are arbitrary, there is nothing inherently
wrong with the definition: A rhombus is a quadrilateral with four equal

sides, or even A square is a quadrilateral with four equal sides and four
equal angles. However, another advantage of the minimal property type of
definition is that it requires one to deduce fewer facts in order to establish
that a specific figure is a .

Note: In this lesson, we are suggesting the p}:ﬁsophy of definitions which

The rectangle may be defined as "a parallelogram having one right angle." The
students! curiosity of whether the three other angles must also be right ‘
angles may be satisfied by an experiment or a deduction. In most cases the
-student will offer the deduction. !

or as “a rectangle/having two adjacent sides equal." The square is thus
identified/ as a set of parallelograms which are members of the set of rectangles

~and the set of rhombuses. If the interest and akility of the class warrants,
the teacher may introduce the concept of .the intersection of two sets. It
would follow that the set of squares is the intersection of the set of rec-
tangles and the set of rhombuses.

The square may no:(e defined either as "a rhombus having one right angle"
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" .
Venn Diagrams are advantageous for summarizing this lesson as follows:

Teesceleg

TraPc?.onS

All these definitions should be recorded by students in their list of
definitions. . o

LESSONS 2 and 3

Aim: to explore and discover by experimentation properties of quadrilaterals and
subsets of quadrilaterals

to use these discaveries in numerical problems using arithmetic and algebra

Develggment: A i

Have the students suggest the progprties of opposite sides, opposite angles,

consecutive angles, and diagonals of a parallelogram, To examine these suggestions,

- experiments should be performed quickly and the results noted informally. To
facilitate these and other experiments, the teacher may avail herself cf one or

more of three models made of wood or metal strips. They are hinged as indicated

in the following figures: (the indicated dimensions are suggested as best fitted

for visibility in demonstration) . » '

. =5l



€ 18 > ,
-~ ] &~ 16 >
<~ — T 7\ /2 2/
-~ g \ P
~ - - 12 Ny g f
~ - ~ ’r/\\ 16
[~ "~ ]l /7= 43
- - Model 2 : )
Model 1 ;
<, i i > 4 .
h——>0<-2->&<2->>¢-h——> ¥
bt
Model 3

Each model is capable of assuming various shapes. DModel 1 may assume the zhape
of a rectangle as well as a non-rectangular parallelogram., HModel 2 may assume
the shape of a square as well as non-square rhombuses., Model 3, with the slats
acting as diagonals, may assume shape of kite, or parallelogram.

3

Note: Teachers have reported tnat these models may . be easily madguwith the metal
strips found in Erector Sets. Lengths and angles are easily mea3ured.

Have the students extend the experimental program to include quadrilaterals and
trapezoids. The results may be summarized in table form as follows:

QUADRILATERALS

Four sides (definition)
Sum of angles is 360°

-
Trapezoid Parallélogram
~rapezold

One pair of parallel sides (definition) ODpOSlte sides parallel (deflnltion)
. l ‘Opposite sides equal
¥ ’ Diagonals bisect each other
qEigpsceles Trapezoid v One diagonal divides it into two
congruent .triangles
Non-parallel sides are equal’ (deflnltlon) Opposite angles equal

Base angles are equal Consecutive angles supplementary

— | :
%gmbus : Rectangle.
Two adjacent sides equal (doflnitlon), it One right angie

is equilateral (definition)
Diagonals perpendictul ar . All angies are equzl
Diagonals bisect the anrles . Diagonals are equal
Diago?fls divide it, into four equal right triangles - J
&mkre
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The students should understand that the properties of any subset include those )
~of its supersets. )

Have the studen}s consider numerical exercises whose solutions depend upon
knowledge of one or more of the properties of the quadrilaterals.

Suggested exercises:

1. One angle of a parallelogram is 50°. Find the other three angles. C
' 3

2, ABCD is a rhombus and /A = 50°. Find the number of degrees in /ABD.

3. In rectangle ABCD$ diagonal AC = 5x + 5 and diagonal BD = 7x = 7. Find x ‘and
the length of each diagonal. . “

L. In isosceles trapezoid ABCD, the base /A = 50°, Find the other angles.

5. ARCD is an isosceles'trapezoid. /A = S5x - 20 and /C = 3x + 4O. Find x and all
the angles of the trapezoid. )

- Lesson 4 . : .® : .

" Aim: To select the more important of the propositiods discovered as true in the
Erevious lesson and to elevai< them to the rank of theorem.

Note: They will achieve this rank not only because they will be proved by
deduction, but because they are going to be useful in subsequent deductions.

Development: . - -

4
Prove quickly and informally all the properties of § parallelogram as dis-
covered in lessons 2 and 3. ‘ 7 . :
1.-If a quadrilateral is a parallelogram, a diagonal divides it into two con-
gruent triangles. : ,
2. If a quadrilaterial is a parallelogram, i.s opposite sides are equal.
3. If a quadrilateral is a paraldélogram, its diagonals bisect each other.
L. If a quadrilateral is a parallelogram, its opposite angles are equal.
', 5., If a quadrilatemal f‘.s a parallelogram, its consecutive angles are supplementary.

This lesson affords an opportunity to reiterate the two walues of deduction as
spelled out in the Introduction to this guide. The teacher must be sure the
students ®dntinue to distinguish between the inductive approach of Lessons 2
and 3 and the rearrangement into a postulational sequence:. These 5 theorems
do not necessarily form a’ consecutive sequence but interesting arrangements
of them can be made, °

Also, because of the multiplicity of theorems to be quicﬁly deduced, this -lesson
provides an opportunity to’use socialized recitation and committee procedures.

Students should now add to their "Methods of deducing" lists new methods of
proving line segments equal, and angles equal. ‘




. Lesson 5
Aim: To study the converse thieorems which furnish sufficient conditions to
prove that a quadrilateral is a parallelogrem.

p \
Development :

Challenge: Given: A< \

1B

-Construct: parallelogram ABCD

As students try this construction, circula.te‘ about the room and place on board
samples of the following four approaches:

A

As each é%ent explains his method, elicit and list the assumptions they made:

1., If the oppos:??e\siges of a quadrilateral are parallel, it is a parallelogram.
2. If the opposite sides of a quddrilateral are equal, it is a parallelogram.
3, If one pair of sides of a quadrilateral are ec';ua.l'and parallel, it is a parallelogram.

of, If the diagonals of a quadrilateral bisect each other, it is a parallelogram.

\

Teacher: May we assume all these facts?
Student: The first one is valid because it is thé converse of the definition
o and is automatically true.
Student: The others are converses of theorems we proved yestexwday and must be
proved.

Inf 1 proofs (committee work is possjible) will prove all three., List as
theo¥ems and make a list, "Methods of deducing a quadrilateral is a parallel-
ogram" with 4 methods: E :

N

-57=




1. Show both pairs of sidesl| /\\ ¢
2., Show both pairs of sides =,

3. Show one pair = and |

4. Show diagonals bisect each other.

Consider converses of other properties of parallelograms.
a, If the opposite angles of a quadrilateml are equal, the figure is a
parallelogrem (true).
b. If a dlagonal of a quadrilateral divides the figure into two congruent
triangles » the figure is a parallelogram (false).

Note: This lesson can also be accomplished by laying sticks on the overhead
projector and forcing a parallelogram in the various ways,

LESSONS 6, 7 and 8

Aim: to provide practice with deduction exercises related to the parallelogram
T theorems
to develop further methods of proving that quadrilaterals are rectangles,
rhomguses or squares

In addition to the traditional deduction exercises found in textbooks, the ™~
teacher should include some constructions which are related to thé theorems.

Suggested exercises:

A - D
1. By making AD=BC and DC=AB, we can "‘“"“2)\
prove that AD || BC. This pro- :
vides an alternate method of
cunsiructing a line through 2
given point parallel %o a given B ¢
line.

By making AC=BC=AD=BD, we can

prove that CD is the perpen- 3

dicular bisector of AB, What .
parallelogram prOperty permits this A R

conclusi m? - ~

N
L]

‘ Al
3. By g AC=HD and AD=BC, we can - /A‘ ‘
show at DC bisects AB. How? . A/

Methods of constructing a rhombus,rectangle or square may be related to methods
of .proving that a quadrilateral is a rhombus, rectangle or square respectively.




’

Have the students study methods of proving that quadrilaterals are rectangles,
rhombuses or squares, The '‘emphasis should be ;la:zed upon their respective
definitions as the method most often used, Other methods deserve mention and
should be viewed as deduction exercises, Students should list these as new
"How to deduce™ methods. Some of these other methods are:

If the diagonals of a pé.rallelogram are equal, the figure is a rectangle,
If a diagonal of a parallelogram bisects one of its angles, the figure is a
rhombus.

If the diagonals of a parallelogram are equal and perpendicular to each other,
the figure is a square,
Suggested exercises: , ’

1. Given ABCD is a parallelogram

- a. Write an equation in x.

Answer: 10x + 2x + 6 + 3x - 6 = 180
b, Solve for x.

Answer: x = 12 e

c. Find the three indicated angles,
Answer: /A = 120°, /ADB = 30°, /HDC = 30°.

2. Given AK)D is a parallelogram with diagonals intersecting at E,
' AE = 3x - 3y, ¥B =.2x + 5y, BC = 12, ©D = 30

a. Form two equations in x and y.

Answer: 3x - 3y = 12
2x + 5y = 15

b, Solve for x and Y.
Answer: x = 5; y =1
c. Is parallelogram ABCD a rectangle? Why?

Angwer: No, It is not a rectangle because the diagonals are not equal.




Alm:

N O

: ' trapézoid are ejqual.
To deduce informally that the base angl2s of an ispsceles |
To deduce informally that the diagonals cf an isosceles trapezoid are equal.

b}

Development :

Have the students consider two methods of

deducing that the base angles of an
isosceles trapezoid are equal. In one
method perpendiculars are dropped ffom
~ the ends of the smaller base onto the
larger. Thus, a rectangle and two con-
gruent triangles are procduced,
method is valuable in solving “some ar
problems involving isosceleé trapezoid

parallel to the remote leg as shbown in the
diagram at the right. ¥Yhus, a parallelo-
gram and a triangle, which can be Jroved

isosceles, are formed.
Have the students deduce that th;diagonals f an isosceles trapegoid are equal.
The converse of this proposition is suitaple for an honor or extra»eredit problem.

Exercises may be found in any textbook.

1.

UNIT TEST

QUADRILATERALS

;T

From the terms quadrilateral, parallelogram, rectangle, riombus and sﬁuare,
choose the larpest set for which it is true that

a. The diagonals bisect each other, ' ] )
b. The sum of its angles is 360°. , ' ‘
¢. The diagonals bisect its angles.

d. It is equiangular,

e. The consecutive anglees sre supplementary.

»

2. Deduce: If the opposite sides of a qué.drilateral are equal, the quadrilateral

3.

is a parallelogram.

ABCD is a parallelogram. What W additional data would you need tb
deduce thati ) . .

a., it is a rectangle
b. a rhombus
C. 8 square
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L. Given: ABCD is a parallelogram A

AE = CF
Deduce: DEBF is a parallelogram. D% F c
B -l
S. In this construction /A was bisectsd,
BC was drawn || to AD, and CD was then
drawn il to BA, Prove that AKD is a
rhombus,
A —+ D
i

Note 1: One possible sequence is to teach Area right after drilaterals.
The Area sequence in this spot enables one to avoid the ‘difffcult con-
cepts of incommensurability in the postulate of the Similar Triangle
Sequence.

Note 2: Many teachers prefer to introduce the topic of coordinate
geometry here and use it, for contrast and simplification, wherever
feasible for the rest of the year. Others prefer to postpone this
unit until after the Pythagorean Theorem, since that makes the
correspondence with real numbers more meaningful, as far as the
irratjonals are concerned. The poorer students enjoy this unit and
there is an advantage in introducing it lere. Teachers who wish to
postpone it will easily be able to use these lessons in combination

with the others which appear on pages 73, 90-92, 200-105, 110-113, 120.

s
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VI L] )
INTRODUCTION TO COORDINATE GEOMETRY - AN EXAMPLE OF ANQTHER POSTULATIONAL SYSTEM

Lesson 1 .

"Aim: To introduce the fundamental postulate of coordinate geometry.
To introduce basic definitions and theorems of this postulational system.

Dev ent :

The fact that point is undefined has probably bothered students. Tell
them about the effort of Descartes to Jocate a point in a plane by
setting up a 1:1 correspondence between pairs of real numbers and
points in the plane. Discuss the revolution in mathematics in the
Seventeenth Century due to this marriage of algebra and geometry.

Postulate: Every straight line may be considered as an infinite set of
points which can be put into 1l:1 corresoonrience with the set of real-
numbers. This implies that we can select any point on the line and
assign the number zero to that point. This point is called the Origin, 0
We then select any other point, P, and assign to this point the number 1.
Thus OP becomes the unit distance. It could be 1 inch, 1 centimeter,

1 micron, 1 mile, 1 light year, etc. The unit on the blackboard will
always be different from that in a notebook. Now, points 4, B, C, D, etc.
with the coordinates 3.6, 159, -2,\/§_vetc. can readily be given positions
on the line.,

Recall the number line of Ninth Year Mathematics.

1 { 1 1 | i [ J 1 .
=5 =4 =3 =2 =1 0 1 2 3 L . ]

and have students indicate the position of 1nts M (3.6), N((/5 ), R(=2), etc. |
The irrationality (incommensurability) of will be clarified later in
the year.

Thus, if we refer to a point K as having coordinate 'a', we mean the measure
of distance OK is the absolute value of the real number 'a'. Students
will need to be shown that .'a' can be a negative number. We use the symbol
‘OKI to represent the distance from O to K. Thus, if a = -5, JOK| = 5.

Now show that the Cartédan Coordinate System, using two real number lines,
perpendicular to each other at their common origin, associates eve int
in the plane with a pair of.real numbers. Show how (=2, 3) and 23,-25 locate
different points so must be different number pairs, and thus that the
nunber pairs are ‘ordered pairs.! '

oy
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Postulate: There is a 1:1 correspondence between the set of points in a plane
and the set of ordered pairs of real numbers.

Huve students review the definitions of axes, x axis, y axis, coordinates,
ordinate, abscissa.

¢
Note that in this separate postulational system, we will accept all our
postulates and theorems of Euclidean Geometry plus the th new postulates.

A simple theorem of coordinate geometry is that in the coordinate grid,qgll\_ -
lines parallel to the Y axis (X axis) are. perpendicular to the X axis ( axis)
and are equally spaced.

Also prove (informally) the theorems:

Two points with the same sbscissa (ordinate) lie on a line parallel to the
Y axis (X axis). . L :

The distance between two points with the same abscissa (ordinate) is equal
to the absolute value of the difference of their ordiriates (abscissas).

Represent this distance by'y2-y1| or Ay (j% =x3} or Ax)

lessons 2 and 3

Aim:To develop a method of firding the midpoint of a line segment if the segment
is parallel to either axis. :
To apply coordinate geometry to exercises with specific points.

Development :

First, note a set of points like (5,7), (2,7), (-1,7), (8,7) etc. and
evolve the idea of the equation of a line,

The set of points (x,c) where x is any real number and ¢ *s a constant mgy be
represented by the equation y = c.

The set of points {c,y) where y is any real number and ¢ is a constant may be
represented by the equation x = ¢

If a line segment is parallel to the Y-Axis (X-Axis), the ordinate (abscissa) of its
midpoint may be found by averaging the ordinates (abscissas) of its endpoints

y1 *72 x) ¢ _ \\
2 2 o .
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Suggested exercises:

1, Plot (3,5), (9,5), and (6,8). What kind of a triangle is formed?

v

At this stage, students cannot show that
*  tne triangle is isosceles by finding the i
lengths of its sides because they know ’
orly the lengths of line segments on a i
line parallel to an axis. A{3,5) D(6 5)8(9’5)

c(6,8)

What other ways have we of showing that
a trianpgle is isosceles? NN NS S

Students can write the explanation in

paragrarh form which is as essential to their training as the demonstrative
proof ferm, They need to quote reasons only when the reasons are not one of
the theorems and definitions of this unit.

Acceptable student answer:

Line CD1-AB and since D is (6,5), it is the midpoint of AB., Therefore,

the triangle is isosceles because if the altitude to the base of a triangle
bisects it, ®he triangle is isosceles. (Another reason for the triangle being
isosceles is any point on the perpendicular bisector of a line segment is
equidistant from the ends of the line sagment.)

2. Flot 4(2,3), 3(5,-1), ¢(8,3), D(Z,7) v

D(5,7)

a. 3how AXCD is a parallelogram, [
L. Why isn'* it a rectanzle?
c. #hat srecial parallelogram is it? ‘Wwhy? !

Student thinks of the four¥ways to prove
,@ figure is a paralleslogram. 3ecause the !
sides do not lie on lines parallel to the
axes, he choos~s to try tc stow that the

c¢iagonals bisect each otrer. , .

Accertable student answer:

a. AC || X-Axis, and so its midpoint is (5,
2D 1| Y-Axis, and so its midpoint is ¥(S,
Trerefore, AXD is a parallelogram because thé diagonals have the same

'mldpolnt and "if the diagonal$ of a quadrilateral bisect each’ other, it

is a parallelogram.” , -
Fote: To obtain the midpoint of BD, the student must average 7 and =l1l. This
helps to reinforce addition of signed numbers. Bright students can also
explore another way of getting the average of two numbers by splitting their
difference.

ik




b, AC is 6, DB is 8. Hence, the figure is not a rectanrle because the diagonals
are not equal.

Note: This is a good place to teach the meaning of contrapositive,

c. AC and DB are pérpendicular to each other. Therefore, ABCD is a rhombus
because 'if the diaponals of a parallelogram are perpendicular, it is a
rhombus. ' '

Note: If your class keéps-a growing list of the theorems which it has
proved, the theorem used in ¢ may well have been one of them, even though
it i$ not listed as one of the theorems in the syllabus.

3. Plot A(-3, =2), B(5, =2), C(9,3) ﬁ(l;B). Why is ARCD a parallelogram?
! Y
The student may select the method of
showing that one pair of sides are aﬂllll——————-c(9,3)
equal and parallel, - 1/_ ///[ )
’ P Pt Aok Ao x
: /

A(-3.-2)1—:— B(5.-2)

L. Draw x =2, x = 7, y = L, y = -1. Why is the closed figure formed a parallel-
ogram? Wwny is it a rectangle? :

. ' Y
Note: These lines may be called 'the ,
locus of points which satisfy the ) ‘
equations x = 2, x =7, y = L, and
y = =1,! provided that the word
"locus” has been introduced esarlier y=i
in the year. The first two locus
theorems can be taught directly T
after "hypoteruse arm" theorem,
thus giving students almost a full
year's exposure to this difficult _
concept. It is reinforced here for . h : . X
the firsg'ﬁf many times during the

x=2
x=T

year. Or, the concept of locus - =l
may be tauyht for the first time in
this unit of work. -
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N } .
R 5. Write the equation of a line whose absrissa is always equal to its ordinate.

Student response: x = y

The teacher should have the students plot several points to be sure they )
realize that the line contains infinitely many such points. These points
satisfy the equation x = y, and conversely, if two numbers x and y correspond=-
ing to a point satisfy the equation x = y, the point lies on this line. The
equation of the line is therefore an algebraic representation of the locus of
points whose abscissas are equal to their ordinates.

L I

In subsequent assigrments, continue to develop this idea with examples such as:

"Write the equation of a line whose ordinate is always two less than its
abscissa." ;

This exercise could be postponed until the topic of locus is cdmpleted.
-

Note: later ‘in the year we will\use genegSJ coordinates such as AV
a,b) and use the tools of coordinate geometry to prove theorems
instead of merely to do exercises such as 1l-5 above.

b ¢
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VII.

CIRCLES

. .
Note: This unit may be postnoned until after similarity and areas, in which
case the teacher will wish to enrich the unit with many numerical
exercices, and originals involving similarity in circles.

Lesson 1

L4
Aim: to reinforce the understanding of the necessity of definitions and postulatea

T 4in building up a deductive sequance
to make evident the physical importance of circles in our civilization
to develop the idea of arc degrees

to reach agreement on two.postulates

Development:

Haws?the students note the great strides mads by mankind after he invented the wheel,
Discuss the importance of circles in civilization through their use in gears, pistons,
c¢ylinders, and so on,

The students should state that they must decide upon a definition of what is a circle.
Have them use their imowledge of what they do with compasses in drawing diagrams
of circles to arrive at the definition:

A circle is the set of all points whose distance from a fixed point is gonstant,

It is necessary to inventory such familiar and previously defined terms as fadius,
central angle, arc, and diameter. Insist upon the form which places each in its
. superset, TFor exampls,

An arc is a curved line which is part of a circle,

Experiment: Draw two unequal circles, Put a 30° central angle in each with a
protractor. (The purpose of this exercise is to get a tactile familiarity with

the relationship between central angles and their intercepted arcs.) The drawings
will reveal clearly that the arcs which are intercepted are not equal. (Note that -
by equal we msan congruent )

To reinforce this diffgkgnce in lengths of arcs, draw a sphere to represent the
earth and show that a 30° central angle would intercept a very long arc on a
meridian, The arc would be 1/12 the distance around the Parth or about 2000 miles.,

Enrichment: Discuss the definition of latitude
which involves central angles., Sketch on the
blackboard: ’
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" Now, have the students draw two equal circles with 50° central angles. They will
agree that this time the arcs are equal (congruent).

The students should now examine their two drawings - two unequal circles and two
"equal circles. They should be led to realize that an arc degree 1s a fractional
part 1 of a circle. Thus, a 30° (30 angle degrees) central angle intercepts an
arc 360, which. is referred to as a 30° arc (30 arc degrees). The arc dogree
refers to the relative size of the arc as a fraction of the circle and it does not
refer to the length of arc. Thus, two arcs can have the same number of arc degrees,
but not be the same length. 3

© .
Also, two arce can have the same length without having the same number of arc
degrees. Therefore, two arcs may have the same measure (in degrees or in linear
units, e.g. inches) and still not be congruent. However, for two equal circles,
equal arcs will also be congruent arcs. :

The arc degree is a new unit of measure and is used (a) in comparing the length _
of arc with the circumference and (b) in relating a central angle with its arc.
When we wish to note that two arcs are equal in degrees, not in length, we will

use the symbol g,
The students can be led to the decision that the following should be postulated:

Postulate: In the same, or equal circles, if two central angles are equal, then
their arcs are equal.

Postulate: In the same or equal circles, if two arcs are equal, then their
central angles are equal.

Enrichment for those wiio teach similarity before circles: Use the definition
of a circle and the distance formula to derive the equation of the circle.

LESSON 2
Aim: to explore another method of deducing that arcs are squal ,//
to select the most advantageous method in a particular situation

Development s ' <

Experiment: Divide a circle into six equal arca, Some students will use six equal
central angles because of the postulate chosen the previous day., Others will assume
a nev idea of equal chords and lay off the radius as a chords They have done this
in earlier grades, but were not aware that they were laying off a chord. The

fact that it would take more than six radii if they were wrapped "along the curve .
instead of laid off as chords is vital, It is necessary to draw attention

N
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to the fact that when chords are laid off, the students are assuming the proposition:
/ . .

hY

In the same or equal ch"élye's, if the chords are equal, then their arcs are equal.

The class should readily suggést that this proposition should not be postulated since

it is easily deducible from a previously accepted postulate,

the class can add, in their notes on methods of deduction, a new list:

Ways to deduce

that arcs are equal:

deduce that their central angles are equal

dsduce that their chords ars equal

After oral proof,

The converse of the new theorem can readily be deduced as an exercise and listed
Ask the class, "What is the value of this new theorem in a postula-

as a theoren,
tional system?®

line segments are equal.

Add to that list:

\

It they are chords in a circls, deduce that their arcs are equal,

LESSON 3

Aim: to reinfo::?he understanding of se&uence by developing the last theorem

Experiment: Draw sny circle and any chord CD,
center of the circle to CD,

I

s,

in the first/of the L sequences of proofs listed in the syllabus
to add a

heorem very useful for further explorations and deductions

1

They should respond that it gives them'a new way to deduce that

Drop a perpendicular from the
What do you discover? The students will quickly

formulate the proposition that a line from the center, perpendicular to a chord,
bisects the chord and both intercepted arcse.

‘The deduption should be dsveloped orally and then written.
paid to selecting the best method from the list of ways to deduce that

1in4 segments are equal,
are chords themselves.

Careful attention -

Many students think that the two parts of the chords

The need for the use of the hypotenuse arm method of proving congruence should lead
to a reexamination of the sequence of which this theorem is the last,

THEOREM

Diameter
perpen-
dicular
to chord
bisects

chord.

THECREM

Two right
triangles
are con=-
gruent if

they sgree
in hypoten-

use and arm,

THEOREM

SAA = SAA

THEOREM

Sum of the

angles of
/ a triangle

‘squals 180°,

&{parallel,

&

POSTULATE

CASA = ASA
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interior
angles are

equal,

&

POSTULATE

If 1ines are
parallel, .
corresponding
angles are
equal.,




LESSON L
Adm: to stimmlate the imagination in 1nvastigating a new theorem and urious

rearrangements of it
to apply it to numerical exercises

Development :

Experiment: Find the center of this troken wheel. /_\

The method selected by many students will be an introduction.to “he variations
of the theorem explored in lesson 3. The theorem :anolved four elements:

passes through the center A

perpendicular B
bisects chord . C
bisects arcs » D

{

Notice that the orn.g:.nal theorem of Lesson 3 can be written as, "If A and B,
then C and D."

Students will enjoy listing all possible variations i this symbolic way,
such as, "If A and C, then B and D," etc. Then have the students~translate
their symbolic propositions into English. ,

The experimznt uses B and C as hypoqghesis and A as conclusion.

g

Two of the important variations are:

If a 1ine bisects a chord and its arcs, it passes through the center of the
circle and is perpendicular to the chord.

"If a line through the center bisects the arcs of a chord, it is perpondicular
to the chord and bisects it.

The proofs can be aralyzed infomally with one assigned to each row of students,
They will then report to the class as a whole, It is necessary to show that to
prove a line is a diameter, we must shoy that it divides the circle into tvo equal
arcs. .

¢
Note that the construction for finding the missing center of a cirele is an appli-
cation of the locus theorem: . '

The locus of all points equidistant from the ends of a line segment is the
perpendicular bisector of that line segment,

Note: This locus theorem was introduced earlier in the year (after hypotenuse arm)
and this is a good place to review the idea since students find locus ideas difficult.
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TEST

1., State the theorem or postulate to justify the conclusion and label your answer
as a theorem of a postulate. (Parts marked equal are given as equal.)

B Conclusion: b. c B Conclusiom

8

A?B = 63 A CD passes through the
center of the circle. .

2, Arrangelin the sequence in which they were accepted or proved, and classify
each as 'a definition, postulate, or theorem.

a8, If a diameter is perpandicular to a chord, it bisects the chord.
¢ If 2 triangles agree in ASA, they are congruent.
/:./ If two right triangles agree in hypotenuse arm, they are congruent.
o If 2 triangles agree.in SAA, they are congruent.
e. The sum of the angles of any triangle is 180°,

3+ Describe the process of finding the center of a given circle imr terms of the
locus theorem involved. .

L. An original proof in which arcs are to be deduced equal. (See any standard text.)
S. An original proof in which chords are to be deduced equal. (See any standard text.)

Lesson 5

Aim: To establish the relations between chords and their distances from the
center.

To add a new way to deduce that line segments are equal.

kS

Development : k M |
Experiment: Have each member of the class draw as M ,‘chords of fixed

length as he wishes in a circle.

The appearance of an inner circle will
please and surprise students. (Some
will enjoy doing the same with curve
stitching at home.) A curve formed
without drawing it by an infinite set
of lines is called an envelope.
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The mathematical implication that these chords are all
equally distant from the center is reinforced if the
teacher draws a diagram on the board with a longer
chord spoiling the picture. It will be necessary to
review what is meant by distance from a point to a

line,
Have the students deduce informally and 1ist as theorens:

If.chords are equal, then they are equally distant from the center.
If chords are equally distant from the center, then they are equal.

Add to the list of ways to deduce that lines are equal:

If they are chords of a circle, deduce that they are equally distant from
the center, .

Note: If similarity is taught before circles, exercises should include many numericals
in which the Pythagorean Theorem is applied to distances from the center of
the circle.
LESSON 6
Aim: to apply the new ways (see lesson 5) to deduce that line segments are equal
to analyze original exercises which require the students to make a wise
selection of ways to deduce line segments equal in circles
Developnent:

Suggested exercises:

1, Given: Circle A = Circle B o \
AB I CF . .

Deduce: CD = EF

Plan: Show the line segments are
equidistant from t. centers.

Note: This ecercise also serves as a good review of way"a to show a quadrilateral
is a parallelogram, _

2, Given: Concentric circles
Deduce: AB = CD

Plan: Use diameter perpendicular
to chord and subtract.

3. See standard textbook for other exercises.

/
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i,esson Z

Aim: To introduce the tangent.
To develop the postulite: "If a line 1is tangent to a circle; then it is

perpendicular to the radius drawn to the point of contact. "
To develop the theorem, "If a line is perpendicular to a radius at its

outer extremity, then it is a tangent to the circle.

Development : - ’ 3

Have the students consider mud or sparks being thrown off tangent to a
wheel. They should arrive at the definition:

A téngent to a circle is a line which has only one point in common with =
the circle. ' .

Fxperiments Have the students draw a circle and lines which they consider to be
tangent to the given circle. Have them draw the radii to these lines. The students
will agree that the lines appear to be perpendicular to the radius drawn to the
point of contact., They may then postulate:

If a 1line is a tangent to a circle, then it is perpendicular to the radius
drawn to the point of contact, ..

Experiment: Erect a perpendicular to radius OA - o
at point A, The students will agree that this

perpendicular will have only one point in com- \\\fi A(r,0)

mon with the circle, and is, therefore, tangent
to the circle.

N

Note: The students mey want to postulate that "a line perpendicular to a radius
at its extremity is tangent to the circle.,® However, the stat@ment may be deduced.

/

Oa is the shortest distance from O to the tangent because it is the perpendicular.
Any other line from O to the tangent, being longer than OA, must meet the tangent
outside the circle.

If similarity is taught before circles, the following proof by coordinate
geometry could be used instead.

Given: Circle O -whose equation is x? + y2 -
A line perpendicular to radius OA where A (r,o0),

Since the line is perpendicular to the X-Axi;, its equation is x = r.
Solving the equations of line and circle simltaneously:
+ Yz - r? r? o+ y2 - r?
x =r ¥ =0
y =0
The only point of intersection is (r,Oﬁ. Therefore, the line ig tangent,

s
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ﬁESSON 8

Aim: to develop several theorems concerning tangents
to apply these to exercises

Development:
Experiment: Construct a tangent to circle O at P and also at Q.
What do you discover?

The discussion congerning the resulting

kite figure will bring out a number of
easily deduced lideas: .

Thé-tangents are equal. (Define "length of tangent" as dlstance from outside
point to point of comtact.)

The opposite angles are supplementary.

The line to the center bisects the angle between the tangents. .
The line to the center is the perpendicular bisector of the chord.
(Review again the idea of locus.)

These are to be listed as theorems after informal proof.

What happens as we move the point of 1ntersection of the tangents closer to the
circle? Farther away" .

N\

If similarity precedes_ecircles, have students now do exercises in which the
Pythagorean Theorem and equal tangents are involved.

TEST

1. a. Select P and Q so /POQ will equal 60°,
b. Construct tangents to the circle at

P and Q, meeting at M.
c. Find /PNQ.
d. Deduce that OM is the perpendicular Q
bisector of MQ. f
2. Given: RP and TP tangent to cdircles O and S N

a. Deduce: RN = TU ' - ' P
T

3. An exercise in proving chords equal. See
any standard text.



LESSONS 9 and\10

iﬂﬂ‘ to introduce
to examine the

gle measurement in circles
lationahips between angles in a circle and their arcs

Develggment:

Note: It is adventageous, Nghen possible, to present such a topic experimentally.
The students should discoveRX\certain propositions, note their significance and
application, and try to arranRe the propositions in a deductive sequence.

Have available a wooden model of
with nails projecting from it, pe
lar to the plane of the circle, and
spaced as shown in the diagram at the \xight.
Nails should be placed every 15° so thadthe
students can read off the mumber of degrees

in an arec,

It is also possible (but less effective) to trace a blackboard protractor on the
board, , . \Q\

If your school has a polar ccordinate stencil graph chart, it has 360 g@&s in
the outer circle making L& very easy to read off degrees in any arc. (J

Have the students recall that various arcs of 30° (30 arc degrses) may be unequal
in length. (See lesson 1 of this chapter.) The symbol 2 indicates arcs are
equal in arc degrees, but not necessarily in length, Compare this to “James E
John® meaning ®James and John are the same height.”

Have the students recall that a 30° central angle (30 angle degrees) intercepts
)
an arc which is —%; of the circumference or is referred to as a 30  arc (30 arc

degrees). Is there always a relationship between angles formed by lines in a
circle and their arcs? Let us investigate various possibilities.

Class will suggest various possibilities. Show these possibilities with rubber
bands stretched between nails on the wooden model.
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In each case, have the students come to the model, measure the angle with a
protractor, and read off the arcs by means of the nails. List the relationships
as they are discovered (in any order), Class should suggest trying at least

3 different positions of the lines in each case. Mention the need for a fai-

sampl ing.

The angle formed by two chords intersecting within the circle presents an interest-
ing challenge. The results might appear ass '

N _—
/ AB | CD

' C A *
30°} Ls° | 15° A C
600 hso 750 | B@ D B@
D B
128°| 75° | 18c° }

S

The results should suggest averaging the arcs. The idea of an arithmetic mean
has already been studied in the coordinate geometry unit on the midpoint of a line

segment.,

By the end of lesson 10, the class should have compiled a list of the relationships
which they have discovered:

An angle formed by two chords intersecting inside the circle is équal in degrees
to the average of its arcs.

An angle formed by two secants (tangent secant, two tangents) is equal in degrees
to half the difference of its arcs %intoqpepted).

An angle formed by a tangent and a chord is equal in degrees to half its arc.
An inscribed angle is equal in degrees to half its arec,

TN
A central angle is equal in deg%ees to its arc,

LESSCON 11 /}

Adm: to apply the angle and arc relationships discovered in lcssons 9 and 10.

Develggmentx

Note: Exercises, including many which involve some use of algebra, may be found
in any standard text and in previous New York State Regents examinations., These
exercises also will provide a review of many principles introduced sarlier.

Exercises involving Pythagorean Theorem and trigonometry should also be provided,
if similarity precedes circles.
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Suggested exercise:

DF is diameter of circle O
DE is a tangent, DE || AC

BF = L0°, /C = 200

Find: /1, BR, /SOC, /CDE, /SER

LESSONS 12 and 13

Aim: to rearrange the angle and arc relationships discovered in lessons 9 and 10
inte a postulational sequence

'Develggment:

Have the students consider which of the five relationships would be best chosen
as a postulate., The students can be guided to see that - "A central angle is
equal in degrees to its arc” - is the relationship which should be selected as
the postulate since it seems to contain the minimum assumption., Whatever facts
are given, the center will be one of them, '

An examination of the diggrams involving angles and circles Will reveal that the
relationships seem to be[easily associated with the inscribed angle. Therefore,
this theorem should be déduced next after the postulate, It will probably be
necessary to suggest the separation of the irscribed angle theorem into three cases,
since this is the first time students have met this device. Students may argue
that this is reasoning from a gpecial case. The,teacher should point out that

this is acceptable sinc- every possible case is discussed. The usual error is

precisely an error in not considering every possible case.

Note: Students msy suggest other orders and, for enrichment, they may try them
at hame, '

The deductions in this sequence illustrate a simple postulational system. They
may be callad for on the Regents examination . e four required

deductions should be written by the students at home using letters other than
those used in class. These deductions should be carefully checked.

Note: The tangent chord theorem is a side branch of the sequence and its deductiomn
is not listed as 'required’', but it should be done informally.

LESSON 1

Aim: to show that these angle and arc relationships are in reality all special
cases of one general formula:

An angle formed by two lines in a circle 1s equal in degrees to the
average of its arcs.




Developmant s

Use the wooden model or diagrams,
Have the students realize that the
central angle is half the sum of two

@
Q

‘equal arcs (average of the a.rca). A
l)‘t!ll"

As E (point of intersection) moves away S

from the center, one of the arcs (D) ; B

decreases. v C

The arc (BD) becomes sero when E is on
the circle,
B
The arc (HD) reappears as £ moves outside
. of the circle. Students will often suggest
that the arc BD which decreased to sero
and now reappeared should be considered
negative, Thus, the one forsmla will
apply to all cases. (The tangent chord E
and secant tangent should also be included.)

i fin

LESSON 15

Adm: to add to the lists of "Ways to deduce that arcs are equal®™ and "Ways to
deduce that angles are equal,™ the new ways arising from the angle
msasuremsnt sequence
to deduce that an angle inscribed in a sonicimle is a right angle
to apply these to exercises ‘

Denl@mnt 3

Have the students consider /S and

in the diagram at the right. They
will bs able to deduce that the angles
are squal.

Have them next consider S and . in the
diagram at the right. Ia /3=

The following theorem should be listed:
Inscribed angles measursd by the same or equal arcs are equal.

Many cases can be handled algebraically. The angles will be equal when shown to
be equal to the same expression. :

These theaorems should be added to "How to deduce..." liata.

Have them deduce that an angle inscribed in a semicircle is a right angle.
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LESSON 16
Ajm: To develop two ways of constructing a tangent to a circle.
Development :

Experiment: Point P is on circle 0. Construct a tangent to O at P, (This is a
direct application of the theorem that a line perpendicular to & redius at its
outer extremity is.tangent to the circle.)’ -

Experiment: Point P is outside circle O. Construct a tangent to O from P, This

is a real challenge and a good place to teach the method of analyzing a constructién
by sketching the finished product, Students will suggest that to get the necessary
right angle at the point of contact, they need a semicircle with OP as diameter,

’

UNIT TEST

) " CIRCLES
e

1. Arrangs these theorems, definitions, and postulates in the sequence in which
we accepted and deduced them:

a. The sum of the angles of a triangle is 180°, .

b.,/The angle between two chords is equal in degrees to half the gum of its arcs.
c. A central angle is equal in degrees to its arc. ) :

d. An exterior amgle of a triangle is the sum of the remote interior angles,

8. An inscribed angle is equal in degrees to half its arc, \

.2, Deduce: An angle between a tangent and a secant is equal in degrees to half the
difference of its arcs.

3. Discuss the method we used to deduce the "Inscribed angle" theorem, and explain
why the method used is not an error in reasoning (reasoning from a special case)




VIII. -

SIMILARITY

t

LESSON 1

Aim: to define similar polypons
to define and use ratio and proportion

to develop that in a proportion the product of thé extremes equals the
product of the means

Devalopment:

This lesson may be introduced with a reference to the fact that the class up
to now has given considerable attention to the study of congruent polygons -
polygons which have the same size and the same shape. Have the students note
that the symbol & consist3 of two parts: = representing the same size, and ~
representing the same shape, It is now proposed to consider each of the two
facets of cangruence separately. In this unit we consider figures which have
only the same shape (called similar ficures) and in a later unit we will study
figures which have only the same size (that is, are equai in area).

Have the ctudents suggest situations in whlch they have encountered similar

ficures (scale drawings, photo enlargements, blueprints, maps, scale models,
and so on),

What mathematical relationships appear to exist between the corresponding paﬁts
of similar fizures? In order to describe the relationship, the word ratio
will be introdjced. Its definition as the quotient representing the relalive
size of two iﬁ%%titles should be introduced at this point., To develop the
meaning of rakid, the students shouia be asked to find the ratio in such
-exerciases as the following

number of boys to the number of girls in the class
number of girls to the number of boys in the class 0

number of boys to the total number of students in the class
2" to l' J _ . ) \



To have students arrive at a precise definition of similar polygons, the follow=
ing experiment should be performed:

Draw a rectangle with length 2" and width 1"
Construct a figure of the same shape but having its ﬂ@ngth 3. o

What two relationships between parts was it necessary to arrange in order to
secure the same shape? Would every rectangle be similar to every other rectangle
since their angles are all equal? Would a rectangle with 1" and 2" sides be
sinilar to a pa.raulelogzram with 12" and 3" sides? ;
The definition of similar polypons as polygong in vhich (1) COrresponding angley
are equal and (2) the ratios of corresponding sides are equal, should then follow.

No*~: In arriving at the definition of similar polygons, the tescher will

+ fiud a need for a much more careful development of the notion of

corresponding angles and corresponding sides than was the case with congruent
triangles, If it is possible to name two polygons ABCLC..,.and A'B'C'L'E',..
in such a way that /A=/A", /B=/B!',..., then /A and /A', /B and /B',... )

.are what we mean by corr spond ng angles, and AB an A'B , BC and B'C!,,.,
. -

are what we mean by corresponding sides.

The definition of similar polygons given here contains more information than

is necessary. Occasionally, a bright student may point out that he needed only

to construct two of the. angles and three of the sides, or two of the sides and

three of the angles in }is new rectangle to insure similarity. He should be told
that convention has dictated the adoption of .this definition to effect an economy

of language description rather than an economy of.mathematical requirements. From
the conventional definition it will be deduced later that fewer properties are needed

"to show polygons similar. If this issue does not arise spontaneously at this time,

it would be wise for the teather not to inject $t. Later studies (the constancy

of the angle gum for a polygon of a fixed numbe “of sides) will provide opportuni-
ties for appropriate questions on how their implications will atfect the definition
of similar polygons. - ; o

The equal ratios of the sides of similar polygons leads naturally to the definition
of a proportion as the statement that two ratios are equal. Students frequently
corifuse the terms ratio and proportion in using them, It should be emphasized

. that a ratio compares two terms while four terms are involved in roportion,

7’

The number of boys to girls in our class is a certain ratio. If'the ratio of the
mumber of bcys to girls in the class next door is the same as in ours, then boys
and girls of both classes are in proportion.

The terms means, extremes, and fourth p;oportlonal should be introduced at this
p01nt. They are best explained from a proportion written in the form a:b = c:d,
but students should be told that % - % is usually a better torm with which to work.

Have the students examine numerical proportions (2/L = 6/12) to discover the
relation of means to extremes. This should lead to the generalization ihat in

a proportion, the product of the means equals the product .of the extremes, This
law should be deduced by getting the class to suggest multiplying both members of

the generallzed proportion % - C by bd.
. el 3
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f

The law should then be applied in numerical and algebraic situations. Suggested
exercises:

1. Is 3 . _ L a true proportion?
7 %91/3

2. Find the fourth proportlonal to 3, 5, and 12, | J

3. Mind x: x - 3 L.
10 X

LESSON 2

Aim: to postulate the proportional division of two sides of a triangle by a
line parallel to the third side
to use the postulate in developing the traanormatlons of proportions.

Devalggment:

Experiment: Have the class draw¥a triancle (not isosceles) with a line parallel
to one side of the triangle intersect*ing the other two sides. The four segments
into Which the intersected sides are cut should then be measured (use a milli-
meter scale to do this to avoid the difficulties that result fromgthe fractional
parts when the incn scale is used). Is there any apparent relatidn between the
four segments? ’

Note: The "experiment is easily done on the overhead projector with the teacher
indicating:the readings on a transparent millimeter ruler or a homemade acetate
marked stralght edge.

From the experiment, students should arrive at the generalization that "If a line
is parallel to one side of a triangle and intersects the other two sides, it -
divides them proportionally." We have no previously establishecd method for
deriving a proportion, other:than from the sides of similar polygons (where the
proportion 1is needed to establish the similarity). Therefors, we cannot deduce
this generalization from anything.previously established and must list it as a
Rostulate,

Note to tcacher: In fact, this proposition is even more of an assumption than
we have brought out here. The whole idea that any two lines could be measured,

using the same unit;if only the unit. chosen were small enouza, was at first asaumed
by the Greeks, and the fact that this cannot be done when the ratio of the lengths
is irrational (incommensurable) came as a shock to the Pythagorean School,
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A new list, "Ways to deduce lines proportional,” should now be started. "Showing
that ‘they are corresponding sides of similar polygons" and "showing that a line
cutting two sides of a triangle is parallel to the third side" are entered in
this list,

Have students consider a numerical application
of the above (see diagram). Clearly, 5/3 = 10/6.
e there any other true proportions connecting

the segments? By experimentation with these
rmumbers students will find that 5/10 = 3/6,
5/8 = 10/16, and so on. It is also instructive
to have pupils tonsider cases that'"do not work"
(5/10 # 6/3 and 5/6 £10/3). This will lead
em to forrmlate the need for a correspondence
in location of those segments whose sizes are
shcm in corresponding positions in the equal
ratios., By labeling the segments a, b, ¢, and
d, the numerical examples above should be
generalized as:

(1) HE:EthenE-S.
b d a ¢

. . ,
(Z)H-ansthen_a_,_tg. v ' : : .
b d c d ' ‘
(3) If a .cthena+b_,c +d.
d b d

i

If time permits, brief informal proofs can be given for the above, In (1)
multiply both sides by bd and then divide bcth sides by ac. In (2) take product
of means and extremes and divide by cd, In (3) add 1 to each side of the original,
Note: In view of the above transformations, it is not necessary to distinguish
between the sides of a triangle being divided "in, proportion" and “proportionally."

Have the students do numerical exercises in which the "line parallel to a side of
. a triangle" postulate is involved. Exercises such as the following may be found
in any textbook.

If B) = 6, DA = 3, BC = 12 and DE is
parallel to AC, find 3E, :

-
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LESSON 3 .

Aim: to develop that three or more parallel lines divide transversals proportionally
to develop that three or more parallel lines cutting off equal segments on
one transversal cut off equal segments on every transversal
to divide a line into any number of equal parts

Develbgment:

Have the students draw triangle ABC with
two lines parallel to BC instead of one as
» in lesson 2. What relationship beti.een
' a, by, e, d, e, and f would you exgpect?
Verify by measuring.

Have the students imagine triangle ABC

is "stretched" by moving AC parallel to b/ \’
itself until it assumes the position 24

AC', a, b, ¢, d, e, and f are not f o X
altered in size. . Class discussion will g/ _ 37_ ct

lead to the proposition "three or more
parallel)ines intercept proportional segmemts on two transversals. This
postulate should now be added to the list of "Ways to dﬂduce a proportion.™
If you prove the proposition, 1list it as a theorem,

Now have the students suppose that a, b, and ¢ of the figure are all equal.
What must follow about the sjzes of d, e, and f? The corollary that "If three
or more parallel lines cut off equal segments or one transversal, they cut off
equal segments on every transversal" should be elicited. This should now be
added to the list ol "Ways to deduce line segments equal."

Experiment: Have the student® take a piece of paper with an edge about 4" long,
and divide tnis edge into 5 equal parts without using ruler or compasses, Have
them measure the third angles and the sides, and note that the corresponding
angles have been forced to be equal, and the corresponding sides to be propor-
tional by merely copying two angles. The generalization that, "It seems as if
two triangles are similar if they agree in two angles,'" can now be made. (Hint:
You may use any lined paper you have in your notebook to help you.) when this is
solved, the teacher should elicit the. two properties possessed by the lined

paper that made it possible to do this (the lines are parallel and they are
equally spaced from one another).

The results from the above experiment should now be applied to dividing a lire
segment into any number of equal parts using straightedge and compasses. The
students should be capable of developing this construction themselves.if the
teacher's questioning léads them to appreciate the need for the equally spaced
parallel lines and that the-erdpoints of tle segment to be divided must lie on
the first and last of these lines.
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LESSONS L, 5 and 6

Adm: to discover methods for making triansles similar
to deduce the simplest method (angles equal)
to apply this theorem in deducing triangles are similar
to apply this theorem in deducing proportions
to apply this theorem in deducing the equality of products
to deduce certain corollaries

Development : o,
Have the students review the definition of similar polygons. They should now be
asked to draw a triancle and to consider the problem of making a triangle similar .
to it. Since the definition involves equal angles and proportional sides, a third
of the class can be assigned to begin their attack on the problem by making angles
equal (with protractors or compasses}; a second group shoukd begin to worx by
doubling corresponding sides; and a third group should try some combination of
equal angles and proportional sides.

It will become apparent to the first group that the required triangle is fully
determined as soon as two angles are made equal to those in the original triancle
and that there is no need to construct the third angle or to take any steps to
ingsure that the sides are in the same ratio. The generalization that "Two
triangles are similar if they agree in two angles™ can now be made.

With the help of some questions by the teacher, the second group can also be
led to see that their triangle is fully determined when they have its.sides,
and therefore there is no need to attack the problem of making the angles equal.
What generalization results? Finally, the last group can see that the con- '
struction of one angle and its including sides will also determine a triangle
that meets the requirements.

Students should be asked to compare this situation involving similar triangles
with that of congruent triangles. The definition of congruent triangles

requires the equality of six pairs of parts, but it was deduced that the equality
of thres pairs of certain parts would suiiice to establish congruence. '

Which of the three new methods for constructing similar triangles appears to be
simplest? Since the first method involves the fewest elements, the question can
be raised as to whether all the conditions in the complete definition of similar
triangles can be deduced from the equality of Jjust two pairs of angles. It should
be emphasized to students that the equality of angles alone will not guarantee
similarity of polygons other than triangles (compare a square and a non-square
rectangle, for example).- :

. , A
In attempting to deduce the AA = AA proposition, students will“readily see why
the third pair of angles are equal. They should now.note that we have only one
previously established way to deduce the proportionality of sides. Manipulation
of a pair of similar triangles cut out of cardboard will suggest the placement
of triangles so that a line is parallel to one side of a triangle. The deductive
proof then follows. -

Note: The proof required in the New York State gsyllabus as well as that given

in miny texts is the one for AAA = AAA, rather than for AA = A4, Students should
be asked how they would modify' their proof if they were asked to prove the former
proposition. .

ERIC o5
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Two pairs of angles equal can now be placed in the 1ist, "Ways to deduce triangles
are similar."

Have the students do simple deductive exercises proving triangles similar using
AA = AA. One of these exercises should be the deducing of the corollary that
"A line parallel to one side of a triangle cuts off a triangle similar to the
original triangle."™ This proposition should be added to the 1list of "Ways to
deduce that triangles are similar." . T

Enrichment: The corollary can also be used to explain the pfinciple which is used
in the pantograph to construct similar figures.

Have the students now consgider exercises in which it is required to deduce 1line
segments proportional. In order to get a correct proportion, correspording
sides of similar triangles must be selected. It should be stressed that corres-
ponding sides are opposite equal angles. Marking the equal angles on the

figure as they are proved equal is therefore a "must." Since two pairs of equal

angles will be marked in using AA = AA, the remaining unmarked pair also represent
a set of corresponding angles. ‘ ’

Students may also have a problem in determining which triangles to seleét to
prove similar in order to deduce a panticular proportion. ?ince two gides of one
of the triangles appear in the numerators, and two sides of’the other appear in
the denominators of the proportion, the vertices of the required triangles are
determined by .he letters in the numerators .and denominators resbecfively.

/ i

Note: In *he 2s9¢ of a "transformed" proportion, two sides of the“fsame triangle"
may aroea. - .ne ratio, and the corresponding sides of the other’triangle in
the vthe :atio. In this case, the vertices in each ratio will determine the
names of the triangles to be deduced similar. '

The students should be led to uhderstand the value of analyzing the proportion
to be deduced. They should write a plan indic:ting which triangles have been
selected to be proved similar. It is also good practice to have the students
draw their diagrams in pencil and outline the selected triangles either with two
different colored pencils or in ink. They might use a solid ink line for one
triangle, and a dotted ink line for the other.

Suggested ¢iercise:
Given: A AKC with altitudes BD and AE

N
Deduce: AC _ AE
B

N

Plan: (1) D ACE ~ A KD to be deduced by
(Student then outlines these \ 8)

(2) M = AA :
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As another exercisa, the students should be”asked to consider the relationship

" of corresponding altitudes in similar triangles, It should be deduced that they
are in the same ratio as any two corresponding 3ides, and this fact added to
"Ways to deduce that lines are proportional,"”

The exercises in which line segments were proportional should next ote extended

to involve the deduction that two products are equal. Presentation of such

~ exercises without any special preparation of the class will usually elicit the
student suggestion that such an equality of products will result if the product
of the means and product of the extremes are taken in a proportion. The
proposition that "If the product of two numbers is equal to the product of another
two numbers, then either pair can be made the means and the other pair the
extremes of a proportion™ can be shown to hold by dividing both sides of ab = cd
by be, and so on,

Students should apply this proposition as part of the analysis of exercises
involving equal products. The- analysis results in a plan to deduce a certain
proportion, a certain pair of triangles are similar, and usually that the triangles
are similar because of AA = AA,
Suggested exercise:

Given: A AR with altitudes BD and AE

Deduce: AC’x BD = AE x BC

Plan: (1) AC _ AE to be deduced by
E B )
SN’

(2) getting A\ ACE ~ A KD to be deduced by
%Student then outlines these A\ s)

(3)- AL = AA

Have,.the' students censider numerical and algebraic exercises involving carpuﬁatibn
to find the length 3f the sides of similar triangles. These exercises should

include some involving indirect measurement by similar figures and some applica-
tions to scale drawings. o appl

uggested exercises:

1. Find the height of a tree if it casts a shadow 70' long at the same time that
a 5' pole casts a 7' shadow.

2. Find the value of x in the 3x+6
- diagram to the right. L

3. In a scale drawing, a 3" line \i‘s used to represent a side of a triangle that is
agtually 20' long. What length” should be used in the draving to show a second

-( side of the triangle which is 35' long?

s g
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LES3ONS 7 and 8

Aim: to study relationships batween segments of chords; secants, and tangents

Development : A

Experiment: P is any point on AB, . B
As AB rotates about P, what

happens to its segments?

Students will readily note that as one segmsnt of the chord grows, the o%&
shrinks. Measure two cases and note that the product is constant.

Teacher: Is it necessary for the product to be constant just because one
grows when the other shrinks?
Students Not unless they are in proportion, -

This suggests “similar figures, and the informal proof is readily obtained. List
theoren: ,

If two chords intersect within a circle, the product of the segments of one
equals the product of the segments of the other. '

What wéuld be the effect of pulling
P outside the circle?
P

Students may prefer deduction to experiment
this time. Prove informally and list
theoren:

If two secants meet outside a cirele, the product of one sscant 'and its
external segment is equal to the product of the other secant and its
external segment.

»Suggested exercises:

Apply both theorems to algebraic exercisas,

1. A secant is drawn to a circle from an outside point and has an internal
segment of 5 inches. Another secant from the same point has an internal
segment of 9 inches and an external segment of 3 inches, Find the external
segment of the first secant. ,

2. In a circle, ckords AB and CD intersect at E, If AE = 10, EB = 4, and DE
exceeds BC by 3, find EC.

Move P so that onc of the secants becomes a tangent. What happens to the
segments? Theorem should therefore become:

"If a tangent and a secant are drawn to a circle from the same exterral point,

the square of the tangent is thae product of the secant and its external
secment." : -

.
A

¢ ...s Deduction is assigned as an original exercise: = :
: Suggested exercise: i tangent and a secant are drawn to a circle from an extermal

.point., If the tangent is 9, and the internal segment of the secant is 24, find
the exterral segmert of the secant. - . ,

ENC. e



'LESSONS 9 and 10

Adm: to discover the converse of the proposition concerning a line parallel to
ope side of a triangle .
to use the converse to deduce that "two t}iangles are similar if an angle
of one triangle is equal to an angle oftte other triangle and the sides
including these angles are in proportion®
to deduce "a line joining midpoints of two sides of a triangle is parallel
to the third side and equal to one half of it"
to apply the theorems to exercises.

- Development :

Experiment: Take a triangle (preferably non-isosceles) and divide two of the sides
(by inspection) into 3 or L equal parts. Connect a pair of corresponding points
of division so that both sides are cut in the same ratio (such as 1:2 or 1:3), and
‘hote the relationship of the joining line to the third side of the trlangle. The
generalication that a line dividing two gides of a triangle proportionally -is
parallel to the third side should be postulated. It can be added to the list
"Nays to deduce that lines are parallel."

Have the students realize that 1line segments in proportion were used to suggest
the abdéve postulate., Raise the question of whether line segments in proportion
can also be used to deduce triangles similar. Students should recall or repeat
the experiment of the first lesson dealing with similar triangles. Each student
drew a triangle and constructed a triangle similar to it based upon the definition
of 'similar polygons. -A group of students copied one angle and made the sides
forming the angle into equal ratios (by doubling, halving, or tripling each),

It became apparent that the 51m11ar trlangle was determined by constructing the
three”parts, and thus making it unnecessary to construct any of the other
relationships required in the definition. .

Note: The deduction of the theorem, "Two triangles are similar if an angle of

one is equal to an angle of the other and the including sides are proportional,™®
is not required in the State syllabus, However, it is advisablé to do it in

class since it begins in the same msnner /as the AA = AA deduction and will help to
emphasize certain aspects of the férmer. (Why cannot any angle be superimposed
on the corresponding one in the new Proposition?)

.This eimilarity theorem may be used to explain the principle of proportional
dividers in which pin E is adjusted so that
AE:EC = DBE:ED, and in which a pair of equaJ.A
vertical angles always occurs.
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" Students should now be asked to consider what fagts appear to be true when a line
is drawn joining the midpoints of two s des of a triangle. The proposition that
"A )Jine joining the midpoints of two sidds of a triangle is parallel to the third
side and squal to one half of it" can be deduced very readily from the secohd
similarity theorem. It should be. added to "Ways to prove lines parallel" and
spplied to both deduction exsercises and to numerical exercises.

The theorem "A line joiriing the midpoints of
“two sides of a triangle..." may be used in
‘connsection with the deduction of "two
'medians of a triangle trisect each other."
(Connect points D and E, DE || BA and

DE = 3BA. ADOE ~ ANORA. OE = %#0A, and
0D = #0B. Therefors, OE = 1/3AE and

0D = 1/3 BD. . |

-

: \ .
Suggested exercises: (See any good textbook)
1, Two 1sosceles triangles are similar if their vertex angies are equal.

2. If the line joining the midpoints of two adjacent sides of a rectangle is 8;
‘ how long is a disgonal of the rectangle?

i

. LESSON 11

. \ v " ’ : .
Aim: to develop "The coordinates of the midpoint of any line segment from
Py (x), yl') to P, (xz, ye) are the averages of the coordinates of the '

dpointss + Yyt Y\Y

endpoints/x, 12’ MY _32 )
. 2 2

to apply the theorem

-

Develdpment _ -

The term "arithmetic mean" could well be used instead of "average." Moderh _
civilization calls for an increased understanding of measures of central tendency.
This topic gives students an increased facility in finding what number -lies

halfway between two others, esp ecially. when negative numbers axe involved.
Frequer i oral response will discourage the tendency of some studgnts tt? memorize
the formila to the sextent that meaning is lost. Some students will still be:
vague about the-distinction between addition and subtraction of signed numbers.
The distinction desarves frequent reexamination. .

1

t
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The proof of the theorem follows readily as illustrated:

s

Given that M is the midpoint of P)P,, Drop PR, ¥
PoS and MN L to the X-Axis, Therefore, N is a

midpoint of RS since nIf 3 or more parallel
lines cut off equal segments on one transvemsal,
they cut off equal segments on any transversal."
R is (xl, 0) and S is (x2, 0).

Therefore, N is <k1 Xps ) . Since MN is

. ‘ — Co

parallel to the Y-Axis, the abscissa of M is

8150 xl + X2. . .
T N :

Repeat with perpendiculars to the Y-Axis for the ordinate y; * y,.
. 4 B —.2_

U Ke

. Suggested exercises: ‘ ) , ' : ' .

1. Plot A(L,10), B(6,0), C(1kL,-10), D(16,20). Find°the cocordinates of the
midpoints of each side of ARCD. What kind of a quadrilateral is formed by
, joining the midpoints in succession? Why?
f 1
Acceptablestudent answer: ' -t f

R(5,5), 3(10,-5) T(1%,5), U(1o 1%) %(16,20)

RT and US are perpendicular and they
have a common midpoint (10,5) -t
AL
. ‘ b
Trarefore, RSTU is a rhombus because -

"1f the diagonals of a quadrilateral

bisect each other, it is a pardllel-
. .ogram” and "If the diagonals of a
parallelogram are perperidicular to
each other, it is a rhombus:"

Note: Students lose sight ‘of the N .
sigpificance of these exercises, A .- N
whether demonstrated -as above, - - ) : .,
or proved deductively (informally). ‘ '

They should be asked whether this would. be- true of all quadrllaterals, they

.should be reminded by wooden models of the flexibility of the shape of a given
'-quadrilateral and they should be encouraged to make a dynamic model of wood |

or cardboard and rubber cord. Some students get a much more lasting feeling

v

=91~




for shese ideas when they see them in three different settings ~ demonstratiye
proof, coordinate geometry exercises, and wooden models.

Flot A(0,0), B(a,0), C(b,c). Find the coordinates of the midpoints R and S of
AC and BC respectively, - How long is RS? Make two obsnrvatlons about RS. State
these two observatlons as a theorem, .

It will be necessary -to dlscuss the nlacing of the axes in $he position

- where the orig ﬁg is on one vertex, and ¥he X-axis falls along one side.

Acceptable student answer: f ' _ SR >D(3ASS .. (9,8)
K- y (1 g) N (10 g) AB = 12 DC P 6 " ’ X . . ‘(. e ] \ .

The generality Yof this method should be made clear. The technique is an
important one for mathematics, * o -

Note; Earlic: £ students have deduced synthetically that the line Jolnlng ‘the’
mldp01nts of two sides of a triangle is parallgl to the third side and equal
to balf of it. Thls fact is deduced here by an analytic procedure.

The theorem is listed in.the SJllabus and can ‘be given this treatment 1nstead
of the synthetic one and then llsted in the students' notebooks.‘

;The inclusion of coordinate gecmetry, which some have felt may overcrowd the

syllabus, does in fact; therefore, help to treat marry 1deas ‘in the informal, |

deductive manner. - ° X . ‘

Plot A(-1,-2), B(11,-2), €(9,5), D(3,5). Find the coordinates M and N of. the

midpoints of AD and -BC. How long is AB, DC MN? Dlscover a relatlonshlp

among 'the 1engths of AB, DC and MN, . Y. - C oy,
' N

=9

It seems that MN i%s the average of
AB and DC, .

4

TeacherE What kind of reasoning dre = - *
you doing now? o - ..

Student: Experimental (or inducfive)

b. Fgr some students assiyn crordinates A(0,0), B(a,0), C(b,c) and D(d,c) and
iscuss the generality and deductive nature of this method. Conclude tbat
ﬁhe median of a- trapezoid is the average of the bases, and 1let 1t

. rY %,
|t pld,e) __C(bye)

Acceptable student response.

M (dy )3 N (34b, c) o
2 7 7. 2 : -

‘Therefore, MN = a + b = d
v E -

AB=a -~ - N\ . B (%00 » B(a,0)"

IC=b -2

MN is equal to the ayerage of AB and DC.
MN is also parallel to AB arid DC because all three are parallel to the X-Axis.

[
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. . \ ) B
L. FPlot A(2,2), B(7,3), C(10,5), D(5,L). Why 1s ARCD a parallelogram?

- Y
Students can now use the fact.that the + D(S L) C(lO,S)
- diagonals have the same midpoint even s ’ 7
when the diagonals aré not conveniently [ (7,3)
located on the coordinate grid lines. b A(2,2)
¢ " . . - ) - r"’_] T "v oY :
LESSON 12 -y . C o

. Aim: to presart and deduce mf‘orma.lly- "Two trlanglns dre sxmilar 1f their Lo
correspondmg sides -are in proportlon " -

Note: Thls propoaltlon is not listed in the State syllabus., Its- inclusion is’
recommended to "round out" the discussion of similar trlangles and to make the
conclusion avallable for certain appllcatlons. \ .

DeveloEment._

Have the students consider two triangles ABC and.A'3'C! (a photograph and its: .
enlargement, or, an actual trianrle and a photograph ,of it which is an “enlarge-
ment"or a "reductien" of it) which have a/a' = b/b' = ¢/c' = k (k is the pro-
portlonallty constant), What else is constant? Elicit from the students that
the size of the anglessgems to have been preserved and thus the triangles are
‘apparently similar.,

An informal demonstration of the
similarity may be done as follows:
Measure /A" and /B' and construct

N\ ABD with /. 1 and 42 respectively .
equal to /A! B Thus

A ABD ~ A'3' (AA = AA$ so

" that x/b' = c/e! or x = kb!, .

Thus, x = b...In the same wayy=a. oo

Therzfore, QABD"'A ARC (S33 = 3$33) . Qiven: N AR, and A A'B'C!

and hence A ABD ~ A ARC' (congruent ‘ a/a' = b/b! =c/c? =k’
triangles are similar). Then ) . (a-ka' b=kb', c-kc')
AARC ~ A A'B'C! Since they are ,
both similar to the same triangle Deduce, AAH)~A A'BIC!

The theorem ‘may be restated, "Two. trlangles are smlla‘r lf ‘the sides of one are
equimultiples of the sides of the other."™ It should be included in the list of
methods to deduce trianglés similar. : T

Suggested exercises: S e

1, How are two trlanglef related if {.he 31des of one are eqummltlplea of the
sides of the other (a) when the proportionality constant k< 1?2 (b) when k> 17
(c) when k = 17 .
.2. Points P, Q, and R are located on the sides AB, BC and CA respectively of
~ Aa. If line: segments PQ, QR and RP are drawn, and if PQ = %CA,
' QR = 1AB, and RP = 4BC, prove that [P3R = /&,

o
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. ~ 3
3. State the theorem which proves the triangles similar in each case:

w-

C . . o
PT,QS are .
sraight lines

. AB;C.D are

- straight lines
L
, B A"

WV

L. The special right triangle whose sides are in the rdtio 3:l:5 should be
considered here. Why are all 3-4-5 triangles right triangles?. If a right
triangle has legs of 6" and 8", how long is the hypotenuse? Why?

o

(
URIT TEST

- SIMILARTTY

-

. ) . v
1 Name 2 sets of quadrllaterals such that any member of one set }ould have its
corresponding angles equal to those of .any mgmb_r of the second set, but the
“two are nog gimilar.

2. “Same as above. Require that the. corresnondmg 51des be in nroportlon but the
" two quadrllaterals are not similar. . : . -
3. In triangle ABC, a line”parall=l to AC cuts AB at D and BC at E. If AD is L,
DR is 8 and BC 1s~18 find EC. - . :

h, The bases of a trapez01d are 8 ard 12 and the altitude is 3., If the fion='
» parallel sides. are extended until.they meet, find the altituds ,of the triangle
formed by them and the ‘smaller base of the trapezmd.

S. Construct an equilatera.l triangle given its perimeter. .
R 3




6.

I

Show that A(-2,1), B(3,5), ¢(L,9), and D(-1,5) are the vertices of ‘&
parallelogram, ' ) R

Line segment S joins twb points R and S which lie on opposite sides of
parallelogram ARCD. RS cuts diagonal AC in point T, The product of RT and a
certain one of the segments into which the diagonal is cut by.T equals the
product of ST and the other segment of the diagonal, Write the correct equal
products and prove that they are equal. ' :

. Prove that two'triangles\are similar if they agree in two angles,



IX,

¢ . ' ' /
MEAN PROPORTIONAL AND PYTHAGOREAN 'I'HEORE.M
LESSON 1

" Admt to investigate the similar triangle relationships in a right triangle -
" which has an altitude to its hypotenuse. .

Deﬁlgpmnt :

Have the students find all the othér .
angles in the figure at the right

if /A is 20°. Change the number of
degrees in /A. Class will note that
/ACD is equal to /B and /DCB is.equal

to /A for all values of /A less than

90°,

Have the students deduce (orally)
. that the two small triangles are each
, similar torthe large one and also
: similar to each other. -

Use three separate diagrams for the
orifinal triangle and the two amaller

triangles, Also, have available el
. three paper trisngles related in the
same way.

B
S 5.
. b

“Have. the students 1ist possible proportions fox each pair of triangles and state
these prop051tlons. . Two propositions which should be deduced are:

'If an altitude is drawn to the. hypoté’nuse of a right triangle, the altitude
is the mean- prOportlonaJ. between the segments of the hypotenuse. o
If an altitude is drawn to the hypot use of a right triangle, either arm
is the mean proportional between the hypotenuse and the projection of that
arm on the hypotenuse.

. ) L]

- " Note: The concept of a projectlon may be vitalized by dlscussing the funetion of

a slide or movie projector. ' -

When these theorems are applied, some student wealmesses :Ln algebra 1 becoms
. apparent. This is 'the time to review the algebra. For example, if = 36, why
does x = 6? (Fositive square roots of equals are equal.) o

'S'ugge,sted exercises may be found in any éood textbook.
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- Devolgment"
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LESSON 2 LT R

» |

»

Aim: to clariﬂy the distinction between rational and irrational numbers as a
resn1® of the application of the right triargle with an a.ltitude to the
 hypotemuse theorem '

o . L

Have the students find the value of
x and y in the figure at the right.

The resu‘ting equatlon x2 = 28 and y2 - 77
haVe irvational solutions:x =/28 and
\/77 ' \

Here is an opportunityﬁZo reinforCe and extend the student's concept of irrational
numbers. The teacher may review the idea of integers by using a number line.

The . students gshould be led to realize that despite the fact that man invented
names for an infinite'number of integers to be used in counting, he needed a

new type of nmumber when he tried .to find the measure “of certain line segments
(see above) ‘ il

Have: the students learn that a rational number is one whieh can put in the.
+ form 2 where.p and q are integers and Q0. Théy should realise that the 'number
e whiéh occurred in the lesson is not a rational number.

Note. For enrichment show\/ is 1rrationa1. ' '

In- ‘the table of square roots./28 is llqted as 5.29. ngever, the student
should realize that it is not exactly 5.29 (whlch is %6% and therefore

'rational) but 5.29... to an infinite number of.decimal places. Encoura§
the student to estimate the square roots before 1looking up their decima

values in the tabie. /
Q

L]

Initially, at least, the answer should not be left in rad1cal form. JFor example,~

V3 is .meaningless to many students as evidenced by the common error of thinklng

a number ‘such as TV/3 1is a number between 7 and 8

The students learned a method for findlng the square root of a nunber in Grade ?:
Simplification of radicals may be postponed until after the PBythagorean Theorem
is developed and the 300, 60°; L5° relationships are discussed. :

‘ .
Suggested exercises may be found in any good textbook.
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(LESSON 3 . . -

Lim: to apply the "altitude mean" theomm to an- application involving "an angle
inscribed in a semicincle"

Develmment. ' )

< T L v - ' ) c

Experiment: Have the students drew a ‘

semicircle with diameter AB and any - -
/ACB with point C on the circle. What 2 A - - B
o you discovsr?

The students will _recali ' T

that /ACB is a = .o oL . -
right angle; e o . . -

" Have the students consider an algebralc proof that. «
/[Cis a right. angle. :

2x + 2y = 380

x # y= 900 ’

o

/ 1 . _ P .
Note: This iy a good example of the rreater usu of ¢ . .
. algebra in the.syllabus. - N ,

‘Suggested exercises: - S AL o T YA
.lo'ﬁndAxo / . . ) ' i .., \'(\:'

The arcs shown

{ . ’ ) . . ‘ . e - . "
' 2. Fipd yo'. ‘ [‘N - ar. ‘sendsisc‘les .
. . . o i s . - o :;_".r .. ,

7T 7
3. A truck 10 high 'is being driven through a ‘.
" semicircular tunnel. - The truck is 8! from
' the right side of the tunnel. What is the a
diameter of the tunnel if the truck jhst°~ R L AW
fits? ~y L, o - B
N : * . N . -
Lesson 4 ' L R

Aim: To deduce line segmerts in a circle in- proportion using similar triangles,
and to use these situations to introduce quadratlc equatlons of the form
a_x2+hx+c_o whereb;éOandcaéo. ..

N

’ »

. Development: ‘ ; ' o

Have the students review the. methods of deducing line segments proportional. -

Have them also review how to select those triangles ‘which are to be shown.

similar in order to deduce a particular proportion (see lessons 4,5,6 of

Chapter VIII) . ] o ’
. .



Sugge sted exercise st

1. Qiven: Cimle O with diamster AB
_chord AC CD.L AB

‘..Deduce: AC AD ‘ .
' [+: o)1)
\ . ) . -~

2. In exercise 1, if AC is L® longor than CD, CB = 3%, and AD = 7%, find CD;

Note. To solve the resulting quadratic Oquntion X + Lx = 21, it may .be necessary
" to revi?w factoring of a trinomisl and "If a product equals zero, one of the
factorsiis zero. The solution of the complete quadratic is Limitod to the

metbod of factoring. . . -

LESSONS 5 and 6

S School
Adm: to deduce the Pythagorean Theorsm .

Develogment :

Experiment: Find the length of the 'shortcut
from home to school.

. _Hame
Some of the students may recall the Pythagorean
Relation from their work in Ninth Year Mathe- Lo .- :
matics, Ask for -an estimate of the lerth . : | s ~
of the shortcut. An intelligent estimate would :

be more than 800 yards but less than 11400 yards.

it m be suggested that an altitude be drawn to the hypotenuss. If so, the
segments should be called x and c-x rather than x and y. The relations: '

c__ 600 and ¢ _ 80 @ g . ) . |
%00 " Tx . " c=x . . o e
lead to: . c2.-6002+8002v_ - .
¢2 = 360000 + 640000 .
c< =_1000000 * é
c = 1000
) \
3 N (.
- . <
. "’ 0.
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To clarify the significance of 1000° = 6002 + 8002, ° J.OOIO. 1000 6C 11
the students might examine the diagram at the right.

They should be led. to understand that the first » _ —
and secand squares actually cover exactly as many . 800 600
pquare units as does the third square. .= 830 T ¢

Some students are inclined to doubt that the first °
‘and second squares can actually be made to cover
the third sguare. - One interesting way tq show .
this is 48 follows: : LT
. : . _
Cut aut a right trian?le and three sfuares as II1 “\B
shown at the right. Use a different color ‘
for each square.) Move square II next to S I
.- square I so that ACM is a straight line. Find y 0k :
O so that MO = AC, Cut &long OR and 0S. This A 7 - M
will ‘result in five.pieces from squares I and II, . ¢ ~ |
Rearrapge these pieces on top of square.III, , / SO
placi.ng ROS on one comer of the big sqiare. : /

}---Ss

R _
The studecnts should ‘bs made aware of some of the history and usas of the T’ythagorean
Theorem. \ :

Deduce the theorem using the original experment as a model.

&xgge sted exorc 1ses. ’

1, Find the dlstance from home to second basi of a baseball diamond.

2. \ﬁl] a 28" umbrella fit in a 18" by 24" suitcase?

3. How long is the sloping beam in this attic rocm?

PO

T B

. ' 1o

. Lo The ams of a right triangle are in tHe ratio 3:4 20!
_ and the hypotenuse is LS. Find the two -arms, .
. ypotemss

Se The sides of a certain rlght triangle may be represeﬁted by three «consecuti've .
integers. Find them. -

) . b

LESSONS 7 and 8

A

A _ —
Aim: to apply the Pythagorean Theorem to the distance between two pomt.s in
~ coordinate - geometry . . :

\

.
- . * ¢
',’

Derv'el@ment- S - | o

. Have.the students find the distance between (3,7) and (-5 7); the distance between
: _(3"7) and (11,13).

. Ce . . : L4




o ..

’ ) ' ) .

The distance between (3,7) and (11 13) will lead to the use of the Pythagorean
.Theorem to deduce

2 "
d /(Ax)z"(sA}’)z or d'~/(12 1x1),2 +(y2..y1) S
b - ) .
‘Notéd: A quadrilateral can now be shown.to be 4 parallelogram by showing two pairs

of opposite sides lequal. However, it is still easier to show that the diagonals
have the same midpoint. ’ '

o

Students may need to review redicals.' \ E
-»

Exercises follow in which. the distance formula is essential: Naturally, not all
these types of‘exercises should bte done.at once, but the topic should be kept .
alive through spiral homework aa31gnments.-

//

’X
1. Plot A (-3,2),.B (5,-2), C (10,10). Find ,the length of MN, the line jolfiing
the midpoints of AG and BC, Compare the length of MNawith the length of AB,
rr'hls is an 1llustratlon of what theorem?

2. Flot A (-3,0), B (1,-2), C (5,6). Show that ARC 13 a ripht trianglo.

Note: This may bg the 'student's introduction to the converse of the® Pythagorean
Theorem. TIf so, he should of his own accord comment on the need for proving the
converse. The.teacher ghould go through the dedugtive proof informally. Tha

converse of the Pythandrean Theorem may be proved analytically. ' See Lesson 11
of this chapter, el ) ‘

s

Acceptablz student answer:

13 = (W2 + (-2)%J16 v ~V20 T~
i« JW2Z v (8)2 '-'m‘-m;' | | ’
= J(8)2 + (6)2 «J& + 36 = J100
Is {aC)2 = ()2 + (aB)2 2 : o

(JI% )2 L (/B2 + (/56)2 "

., 100 ! 80 + 20

Yes, ‘I'herefore, trlangle ABC is a rlght triangle.

+

3. Find the perimeter of the triangle whose vertices are (-1,-2), (3 5) and (0,1)

L. Find the length of the median to side .AC of the trlangle formed by A (-2,h),
‘B (3, 6) c 6,-2).

. .
5. The center of a circle is at (h,S) and it passes through (9, S). Will it also
* paas through (7, 9)?)

Npte: The student should Eake pride in, completing thls exercise without rosorting ‘

o squared paper.:

> . . .
. I JEVN

wll Toxt Provided by ERIC

we L YL L



6. The follésving exercises may be.used-.as enrichment:
a. Plot A (<1,-1), B (1,3), € (2,5). Show that they are collinear.

{

' _ Student reviews, 'Sum of two sides of a triangle is greater than the
- third,' and hopes that AB + BC = AC

e J27e W2 -V : "

B J2+ (22 =y ' S
- J3Z+ (6)2 | |

1520 +VB. = JLg? -

25 +J5 1 3/5 |

Yes. Therefore, the points are collinear.

L
Note: Student reviews idea of radicals and is introduced to addition
d . . of radicals,
This type of exercise can be done thrwgh the use of slope,

b, Show that the median to the h;—otenuse of any right trianple is half the
hypotemuss. .

The student who;;;pletes this on his own has acquired a at deal of power
‘witn an important tool of mathematics. He should suggest A (0 0), B (a,0),
{0,b) as general vertices.

c. A different type of example in which the coordinate grid serves-a useful
*  purpose as an aid to student comprohensiqn is, 'Show that the irrational
mumber /S has a length which is between 2 and 3.!

Discuss the infinitude of rational numbers between 2 and 3, and point out

that VS 1is not one of them. Students should reviéw that a rational

number is one which can be writteA in the formtg where p and q -are integers.
» with 'a' not a perfect square, can be shown in higher mathe-

natics to 'be irrational. They will enjoy the thought that there is an even

higher order of- infinitude of irrational mxmbers than rational numbers.

Select points (0,0) and (2,1) and use compasses to lay off the hypotermse
on the X-Axis so that the real but incommensurable length of JS’ bacomes

vixsual. Hapeat for other irrational numbers. e -
mmn 9 ; . \‘_\ \j LT . .

Aim: to note certain relationships existing ir. a 300, 609, 90° right trlang?e
< to reinforce and extend the students! understanding of irrational numbers

Develgment : T ' ' /

Experiment- Construct an equilateral trlangle with a 2" side. Const:ruct an,
altitude. How long is the altitude? ’

~102~-
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Some student answers will be 1 3/L, 1 5/8, 1,75, or 1. 625/ Have the students
realize that thes= are rationsl numbers which are merel; convenient estimates
for the length of the altitude. -

Can‘we find the length of the altitude in another way? The use of the Pythagorean
Theorem will yield 22 = 11 + x2, From this, the length of the altitude isv'3
or an[;rratlonal mmber. V3 = 1,732 only when rounded to the nearest thousandth.

: 4
Have the students use the Pythagorean Theorem to find the altltude of an equilateral
- triangle whose side is 5. It will be necessary to review at this point the simplifi-
cation of radicals.

Have the students now find the altitude of an equilateral triangle whose side is s.
Have them reach the generalizations concerning the ratio of the side opposite the
30° Enble and the hypotenuse, and the sidoéggposlte the 60° angle and the hypotemuse.
The students should realize that all 3 9¢F right triangles are similar and
the ratios are therefore constant.

Note the frequent use by draftsmen of the right triangle which is haif an equi-
lateral triangle.

' : ’
Have the studants now do exercises involving the 300, 609, 90° right triangles.

Have them frequentlyiestimate the value of such mumbers as 7yf§: a
LESSON 10

,~4Aim: to discover the relationship in an isosceles right triangle
to reinforce and extend the student's understanding of.irrational mumbers
DeveloEment: - o . v

In a manner similar to that<in lesson 9, have the student generalize how to find
the length of a diagonal of a square ten the length of a side is given, and how
to find the length of a side when the length of the diagonal is given.

Hava the students draw on squargksuled paper a right triangle whose legs are each
1 unit. They should be led to erstand that the hypotemse, whose length isy?2,
can be laid off on the X-Axis and will fall hetween X =1 and x =2, This serves

to reinforce the idea that in addition to the infinitude of rational numbers
between any two integers, there exists many irrational.numbers, . -

'Have the students now do exercises 1nv01v1ng the 5%, L5°, 90° right triangle.

’

LESSON 11

Aim: to deduce and apply the converse of the Pythagorean Theorem

Develggment~

Have the students try to show that triangle ABC is a right triangle if its
vertices are A (3,3), B (1L,1), ¢ (11,17). | :

-103-"




Some students ‘will suggest that sgince the. sum of the sqﬁares of the two gides
equals the square of the third side, dhe triangle is a right triangle. Ilead the
class to realize that these students have assumed the converse of the Pythagorean
Theorenm, The students will now gee a need to deduce the converse.

Given: triangle AX and c2 = a° + b2
Deduce: trlanglo ARC is a right triangle with right angle at C

D
Construct right triangle DEF with ‘el
legs a and b, :

a2 + b2 = g2
a2 + P2 = o2

@ -c?

d ’:!“c ) . . . » E
A\ DEF ¥A\ARC (833 = SS3) -
Zp -,Zp'= right angle

Students will enjoy the following deduction of the converse of the Pythagorean
Theorem using coordinate geometry: Y

. Given: any AKBC, . B(a,b)
Select the X-axis so that it =
passes through psints A and C.
Select the Y-Axis so that it

. passes through point a. A(o,dj — C(é,d)x
Then A(0,0), B(a,b), C(c,0) ' , -
are the ve Béges 05 a trnangle : L J . '
Such that AB* + AC v '

Prove: ABC is a right trihngle.

‘By the distance formula, the given
fact becomes .

( Z ) 2, 2 . (Vf(c_ ;)2 . (_b)?)

Therefore al + b2 + c? e ¢2 - 2ac + a2 + b

2

or o 0 = <2ac

But ¢ is not zero because A and C are dlstinct points. Therefore a must be zero.
Poinf B is therefore (0,b) and lies on the Y-Axis. Hence BAC is a rlght angte,

- 1 OL— i ' '('\‘_.



Note: The hethod of shcwirig. perpendier  ~ity by slopes is not.in the syllabus,
even among the optional topics. -Some classes probably could do this proof using
slopes. . R . .

4 . : ) N ‘
Have the students ,haw turn their attenticn to the exercise given at’ the beginn‘ing
of the period. .Note how much is written as an answer,

Accept@ble student response: . | o 2 (11,7)
»

(AC)2 = 82 + L2 =80
()2 =32 + (62 - s
(4B92 = 12 & (2)2 = 12¢
80 + 45 = w2 l ’
Therefore, triangle AXC is a right triangle becalse, "If the sum of the squares.

of -two ' sides of a triangle is equal to the square of the third side,™it is a
right triangle. T
2 ..

B(1k,1)

Have students do exercises involving the .conv,erse of the Mm Theoren.

v ' “

UNIT TEST

-

MEAN PROPORTIONAL and FYTHAGOREAN THEOREM

. ’ . . ot N

[} ~
1. State and prove the Pythagorean Th orem.
2. DB exceeds AD by 7. Find AD, °

R

3. Given quudrilateral ABCD. A (-2,L), B (3,7), C (2,5), D (-3,2).

a. Show that ARCD is a ‘parallelogram.
b, Is ABCD a rectangle? Why?

L. Which of the following is irratioral: J :
ae .66%... . . . . ) . 1
b, \/2?5'_‘ . " . ] : .
/T » | . - /
d.. 2.,.' ' v ! ’ . {
5. AC is a 12' lamppost and at B there is a traffic D B -

light. If B is 8' from the ground.and arm B
is 5' long, how long a brace is nesded for AB?

6. Honor: Derive the equation of the locus of all
points equidicstant from (-5,7) amd (9,7)., @

b

v ) , ~105-
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NOX N\

TRIGONOMETRY AND -SLOPE
LESSON 1 '

AMm: to deveélop and apply the €oncept of the tangent of an acute angle

Develogment:

Pose the problem of determining the "grade"
or "slope" of a road in relation to the
"angle of steepness." For example, a
straight road rises 0, of a foot for every
foot of horizontal distance., -What is the
angle at which the road rises from the
horizontal? Have the class make:-.a scale
drawing and find the angle to the nearest
degree by means of a protractor.

Have the class understand that the ratio

of "mise™ to "run® in the scale drawing

is the same as in the actual physical

setting, because of the proportion

obtained from similar right triangles: A
——=a/b = a'/b! for a fixed angle A.

b
Scale: 1"=11

Note: It will be necessary to point out that the ratios are formed first in one
triangle, then. in the other triangle, instead of from one triangle’'to the other
triangle, as the student has been accustomed to doing., This is justified by
"alternation" of the ‘terms of the proportion, so that a/a' = b/b' is equivalent
to a/b = a'/v!, ' .

Pmphasize that using a different scale leads to the same angle,

. ) , , ) -

Have the class do scale drawing experiments for different "rises" in'the same

"run" and build a table of ratios of "side opposite acute angle to side adjacent” -
to acute angle™ ccrresponding to the "degrees in angle".  Introduce the definition
"tangent of angle,"™ and the notation, "tan A." ’ .

Result of Experiment
tan A /A
128 70’
+250 14,°
375 . 210
.£00 270




Have the class dedtice from similarity of triangles, "If two right triangles
, agree in an acute angle, they agree in the ratio of the leg opposite the
acute angle to the leg adjacent to thenacute angle.”"” In each case, there .
s 1s an “ordered pajir" of numbers, the '"pumber of degrees in the angle" and
the "tangent of the angle," in 1-1 cornespondence, so that if the first
of the two numbers is known, the other is determined."

Introduce the "table of tangents' as a list of such ordered.pairs. Inform the
class that this table was worked out, not by 3xperiment but by the use of a
formula taken from advanced mathematics (caleulus). .

Have the students practi\ewusing the table; e.g., "If [A= 70°, find tan An;
"If tan x = .78, find /x to the nearest degree." .

Have the students use the table of tangents to solve problems such as the follov-‘
ing:
1. The wire from the top of a telephone pole 20 feet high reathes the ground
10 feet from the foot of the pole. To the nearest degree, what acute angle
does the wire make with the ground? . . 4 A

2. To find tho height (AC) of the Empire State
Building, & point (B) was located 920 feet from
thg foot (C) of the building, and /CBA was
found to be 580. Find the height torthe

. nearest foot, : . ‘ = .

\ . . . -

\ .
The assignment should provide for both practice in using the tangent table '
for additional problems involving the tangent ratio./// \ .

. LESSON 2

é&gz to discover and use the sine and cosine relationships in the right triangle

Develgggg

Motivate the work uith a problem euch as: "A recommended sefety angle for a ladder.
is an angle of 75° with the ground. How high above the ground will a 20-foot
ladder reach if placed at this angle?"™ Have the student realize that a ratio
other than the tangent ‘is needed to solve the problem.

LY

Introduce the definitions and notation for the sine and cpsine of an angle. Have
the class deduce, by using similar triamgle theorems, that fér two right triangles

AA [}' implies that sin A = sin A’, and conversely. Do the same for the cosine
ratio. : P




>

Solve the motivation problem, and a similar problem involving the cosine ratio
using the table of ratios. In further class problems, have the class solve for
the angle when the hypotenuse and the opposite leg or adjacent leg are given.

Note: The problem of finding the ﬂypotenuse, given the angle and qﬂe of the legs,

_will present two difficulties: (a) solving a fractional equation or a proportion,

and (b) using long division. Point out that the long division cannot be avoided
by taking the complementary angle, as it can be avoided in the similar case with

- the tangent ratio..

‘Aim to make further applications of the trigonometric ratioc to

Nrem

1,

In further class practice and in the assignment, include both types of sine
problems, both types of cosine problems, and the prev1ous two types of tangent
problems, I

n

'LESSONSAB and L

problems involving angle of e1evat10n and angle of depressiqn
finding the altitude of a triangle or-parallelogram
finding a distance requiring the use of two right triangles

»

Develggment. ' } -

A model; homemade transit (protractor oni yardstick), or a "clinometer" will help
clarify the concept-of "angle of depression (elevation). Re-emphasize the
importance of the right triangle and the trigonometric ratios in practical work,
as in mavigation, sur’veying, and astronomy, (indirect measurement),

Problems to be presented for solution will include the following types, #hich
gre to be found in standard textbooks:

®

é o

Find the height of a clbudbank if its angle of elevation is 86° at a point:

on the ground 800 feet from a point directly beneath the cloudbank.

«

2., How far is a ship from a wvertical cliff 200 feet high, if from the top of

R

the cliff-the angle of depression of the ship is 20°?

L.

Y

10 x=?




e N -

Ernvichment: A triangle (or pe&'a.nelogram) has two -given sides, How does the
altitude to one of- those 31des vary as the angle between the given sides varies?

In the review and further application, supplement the rumerical work with

exercises in which the student is.to determine (from the given'parts, and part
‘to be found) the particular ratio (sine, cosine, tangent) to be used.

. UNIT TEST | - .
wmmcu TRIGONOMETRY

~

"*1..Using the table, find each r-uatio:ﬁ;:,

a, tan 689 ’ - b, sin L0° " 'c. cos 78°
. : ; : : )
2. Using the table, find each angle x: (to nearest degree)
a, tan x = 3/5 : " b, sin x = .9703 c. sin x = L4800
d, cos x = L1695 ‘ / :

3. F‘ind the height of a tree which casts a shadow 12 feet long when the sun's
rays make an angle of 70° with the ground, .

L. At the instant when a tree flfty feet high casts a shadow forty feet long,
what angle do the sun's rays make with the gréund? '

5. #low high _is a kite if the 200 foot string to which it is attached makes an
. angle of 48° with the ground? (Assume that the string is straight)

>

6. A mine tunnel is straight and slopes downward so that when a miner goes
. LOO feet into the tunnel he is 120 feet below the surface. At what angle
does the tunnel slope?. Q . a

t

o b . ‘
7+ A 20-foot ladder reache¢ a point on a wall 18 feet fram the ground. What
angle does the ladder make with the wall?

8 The sides of a triangle are 20 and 30 and form an angle of LO®, Find the.
altitude of the triangle drawn to the longer of the two given sides, -

\“ 9. In‘an isosceles triangle the equal sides are each 12 and the base is 10.
i - Find the number of degrees in each base angle.
/, and

.

'10. In A AKC, CD is the altitude to side AB. If /ACD = 30°, CD =
/BCD = 50°, find the length of side AB.

-~

4

l/\ . [} -109.- i ) .
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LESSONS 5, 6 and 7 - . : ' : .

Aint to define the aslope of a line segment ' ‘

T to deduce that every line segmant of a straight line has the same slope
to define the slope of a 1line as the slope of any of its line segmenty
to develop that in a set ol points, if the slope is the same for every
line segment joining the points in pairs, then the set of .points 1ies on
a straight line.(are collinear) ' '
to deduce that if two straight lineg.a
slops, and conversely
to deduce that.if two straight lines are perpendicular, the product of

- their slopes is -1, and conversely. . .

0 pk&aliél, they have the same

Note: The topic of slope is now optional in the Tenth Year Mathematics Syllabus,
Exsrcises on the Tenth Year Regents which involve slope have tended to be very

elementary. Y A “ ,

. . . . .4 B .
Deve lbgment: ( , : ‘ . '
. / ’ . . . ’ .
Challenge the students to describe . )

"how mach" these sloping lines (not, 7 ‘ CON X
parallel to the axes) do slope.. '

Develop the definition: The slope of a line" segment joinihg two points Py(xy, ~y-l)..‘ N
and Pz(xg, yz) is the ratio Ay/ Axwhere A x 7‘ 0 andAy = yo - ¥, AX = x2 = x3.

Have tho'tudents deduce that every 1ine Segment of a straight line has the same
- 3lope. : .. :

- ‘ N EE—

They should nd_w define: The slope of a line is the slope of any o_f its lihelsegments.

Discuss the neefi for positive and negative slope. Use smimary as follows:
/ . o . .

Y B ‘\\\Y a “

LY is positive S ' —AX i negative
ax : _ Ax K
X .y ﬁ

4 . ..
/ Slope is positive v \ Slop® is negative
Y Y ’ A
_ -—% is zero L ) o —ZAT%— does not exist
N ‘QI _ - ' S
A x N ';\. x . .
Slope is zero ' (We cannot divide b
, . by zero) :
Q ' < =110~ ' Ny L
ERIC SN S N _



.Have the students<ghe that "constancy of slops" among three points implies that the
points are collinear. ;

Have the students deduce that if two straight lines are parallel, they have the sams
slope, A brief outline of the deduction follows::

Given: Ly || 1, (Iq and Ly are non-vertical lines)
Deduce: Slops of I, = slope of L,
Slope of L = CB/AC
> -
. = FE/DF (A AR~ A\ DEF) X
- y /A C F -
= Slope of L2 ~ ) S .

Conversely, it can be shown that'if the slopes of two straight lines are equal,
the trlangles are sunilar and I, and L, are parallel

Review ‘two ways of ahowmg that a quadrilateral is a parallelogram both pairs of
sides are parallel (definition) or that one pair of sidds is equal md parallel. .
(theorem) "Pardllel" is equivalent to "have same slope.™

Have the students deduce that if two straight lines are perpendicular, the produet’
. of their slopesg is - 1. A brief cutline of a suggested deduction follows:

Givgn: 11 4 L (Where’ Ll and 1.2 are both non-vértical)

Deduce: mym, - = -1 ‘ . ' iy
Place a set of coordinate axes on the flgure formed by and I..\g so that -
their mtersectlon, C, is on the y-axis. Call the pomt where the x-axis?’

cuts L, the point A (-2,0), and the point where the x-axis cuts L2 the
point b (b,0). Note: a @4nd b are positive. Thé coordinates of C will be
(OJY) : : ' .

Since /C is a right angle, CO is) thy’altltude to the hypotenuse of right

triangle aBC. ) . [
a - X ' N 2
Therefore, 7 b
y2 = ab
=0
The slope of L = ml %—_—-(—_-;) = f
) -0 - . -
'Ihes10peofl.2=m2=b—_-}(;—- =—§ ;
m - —
1™ = ,
_ But ,—2 = ab
Therefore, mymy =1

-111- =




\

. ~ Now suppose we are’given that the product of the slopes of two lines is
=1 ' : >

-

A . .
b

Using fhe diagram gbove, m1 ==_.'§ - and m,

L, 2 (_z)

. ' y2 ab and therefore 2 = Z
Ry . - . Yy
S:ane r.'Lght angles l and 2 are equal and the 1nclud1ng sides are in \/ o
'proportion, A AOC ~~ ACOB , ' )

-1

Since mlm:Z

'I'herefore, /A } yiA

But '/3 is the \complement of /A
i W
Therefore, /3 is the corﬁple'ment"of N
» .
’I'herefore,'LACB is a rlght angle. N
We haVe thus proved that "If the/product of the slopes of two lines is
-1, then the lines are perpendlcular." (Incldentally, wé have also o
proved that, "If an altitude to the base of a triangle is the mean R
proportional between the segments of the se, then the trlangle is a
. rlght triangle and the base is the hypotefiise :

", If the optional topic concorned with equations of lines is taught, develop the theor
‘that the equation of a line whose slope is m and whose y-i.ntercept isb is

y- n*b ) : -
' n-fz-b-
> L./ ﬁxqo
// =y-b
. m+b=y
¢ -
N . »
. -
N\
! 3
R ¥
I\ .
# \ ’ '
# : . < ‘
- _ ,
| ) (
° \
- . '
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&zggestod oxercises: . X

1. Plot the points’A (3 1), B (-h, -2), and C (10, h) and show that they are
collineu'. .Use slopes,

2. Show that the 1ine joining the midpoints of any two sides of a triangle 13
};ui'mgl to the third side.’ Use (0,0), (a,b), (c,d) as the vertices of “the
riangle. .

3. Show t'.hat:

T2 =N N -7V

- . .
. . .

% -5 n - |
L.,Find the number of“degrees in ‘the angle formed by a line containing (2 )
He and
(-1 <) and the X X-Axjs (Y-Axis)., Use trigonometry of the z‘ight t:fangiz.
[

5, Show that the diagonals of a square are perpendicular by means of alopes. Use:
(O ,0), (a,O), (a,b)- and (0 b) as vertices of the square. . ]

6. The ver’tices of a triangle are A (2,3), 3:(27, 3),. and C (12,15). Show by
means of slopes that the triangle is a right triangle,

uote: The syllab‘us suggests several .spacific types of exercises undor equationa
‘of lines (optlonal) See page 32, note 22 .of the syllabus.

I . 'UNIT TEST

r .. TRIGONOMETRY and SLOPE

1. Plot the points A (~2,-3), B (1,1), and C (k,5).

a. Find the. slopes of the line segments AB and EC,

b. Comparing the results, what- comlusign can be drawn concorning the three

given points?

2. Plot the points A (o o), B (L,2), C (2,-2), and D. (-2 &Y.

a. By means of slopes, show that ABJD is a_parallelogram,

. b, Fipd the slopes of the diagonals of ABCD. ‘

¢. How are the diagonals related? What kind of parallelogram is ABCD?

3.7Show by use of the slope formula that the péints
. , | . .

P (3,5), Q (5,7), and R (6,2) are the vertices of a right'trianglo.
"}, Find to the nearest degres the acute angle betwsen the X-Axis and the line
y=ix+3 | .
’ ~113..




~ AREAS

- LESSON 1

™~ —

~ b s . R
*Aim: to introduce area and the need for a standard unit of area

. N N
N

Development: o .

- o

Have the students sugpest the need for measuning the extent of flat surfaces
that are bounded by squares, rectﬁngles, parallel)grars, d so on, Mention
' should also be made of the néed for measuring areas on curved surfaces (in
« - calculating metabolism rztes which depend partly on skin areas). Other examples .
are- the areas of airplane wings, areas of floors in buying carpets, areas of
surfaces to be painted in estimating painting costs, and so on.

There is also a theo;ftlc value of area measures in calculating other quantlties
sueh as volnmes, dengities, moments, and center of gravity. -

Note: This discussion’ should tap whatever]information is possessed by students.
The teacher should not hesitate to furnish information where needed. The
discussion might take at least ‘a half period. It may be anecdotal such as the
method of covering an irregular surface w1tb tin foil and weighing the tin foil
to deduce the area.

The teacher can now have the-students consider area as a numerical measurement.
A general discussion of the nature of measuring units and what i{s required of
thenm to be satisfactory should contain ‘the following points:

The un1t of area should itself be an area and hence should be in the form
of a closed plane figure.

The unit should- be convenient. Since we have a "rectangle civilization,"
that is, many of the objects we find in our culture have the shape of
rectangles, the unit area.figure should have right angles. Another

» convenience is found in the property that four rlght angles cover all the
space about a point. “

~

| N .
The unit should be 'standardized. This leads us to measure the sides of
our unit in linear units that. are already standardized. This, in turn,
leads to choosing a square because of the equality of its sides, - -

At this point, it is well to disﬂ\&iuish between a square.that is an area unit,
to be called a unit square, and an‘Mrea that measures one square unit. This

~distinction becomes cgearer in contrasting the area of a rectangle (2" by 1")
that has.2 square inches with a 2 inch square that has J square inches. It is

- also important to note that a square inch may be the area measure of”a figure
that is not an inch square. This may be done by cutting an enlarged unit square
along an axis of symmetry and piecing the parts together to form either a -
rectangle (2" by 4") or an isosceles triangle. . '

The cut-out figures can well be moved about on the ground glass table of
an overhead projector. . .

ERIC e




T+ would be a pood exercise for stydents to form a number of figures having

different shapes but each having an area L square inches. Are the perimeters
of- fhese fipures equal?

LESSON 2
Aim: to show the relatlonship between congfuence and equality of area

_—Y}o discover ond wverify the areg formulas for the rectangle, square,
e /pax“;elogram, triangle, and trapezoid by experimentation

<

s
)

evelggme

Have the studénts discover the relationship. gbtween congruence and equality of
areas, as well as the symbolism of congruence, similarity, and equaiiiy. Enowing
that congruence is a sufficient condition for equality, the class may now
consider such propositions as, "The dlagonal of a parallelogram bisects the ares
of the parallelogram" or "The bisector of ihe vertex angle of an isosceles
triangle bisects the triangle."™ .The phrase, "bisectSfthe triangle,® shonld be
defined. '

A triangle (or any other figure) .is bisected if it is divided into two figures
having equal areas. We may refer to the equality of any two plane figures {such as .,
a trianglé ari rectangle) if their areas are equal. Contrast this sense of
equality with that of/similarity and congruence,

; ‘ N
Have the class now /ply the equality axioms '
(identity, equals flus (or minus) equals...) :
to such exemlses asi

1

AAEC + AACB = ?

ONAEC -« AAED = ?
#~ ABCD .+ ADE = ?

ARCE - AED - DAC = 2

Present the class with a rexographed sheet showing various common figures
on squared paper, as shown below. On the overhead projector, a.set of
the same figures drawn on acetate and another separate sheet of square-
ruled. acetate will permit placing the squares on the figures in various
positions. = This should be done quickly to permit redlscovery of the
areas of the rectangle, square, parallelogram, triangle, ‘and trapezoid

" as "inductive propositions." .

2

Tt.e experiments should include‘cases cof rectangles and sggares'whose dimensions
are an integral mumber of units or fractfonEI units, particularly halves. In
like manner, the verification of the paralleloggam, triangle;-and traggzoid
formlas should be conducted. . e
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L ene ™

The following will suggest some of the experiments referred to above:

1 in T 11
v - \ FT
p— ‘ vl
) N
: 43 )Lr

—?-v-‘- - ‘ ‘
—#““ ' l 2 ?&f}

Note: The fractional parts of square units may && easily counted by noting that
‘the diagonal of a rectangle bisects it. -See the triangle above in which ABD is
half EADA ($x8) and BDC is one half of BFCD (3x12). Therefore, AR = L+6 =

10 sq. in. On the other hand, 3th » * x I x 5 which is also 10 sq. in. The
square HJEL furnishes a verification of the product, 2% x 24 = |, + 2x% + éxi 6}

T: Can the number of unlts in area of any rectangle, sgquare, etc. e
' counted in this way? Have we made any deliberate restrlctlon in
the ch01ce of lengths for the sides of our figures?

This is an opportunity to increase the maturity of students' understanding -
of ircommensurable line sefments., Tell them that up to now in this lesson
they have been assuming that the length of a line segment iz always
rational, that is, can be expressed as a ratio of two integers, -like 6&,

which 3 h Recall that the lengths might be irrational numbers like y/5 .

Students may think that taking a small enough unit will permit us to
express the dimensions of any figure as integral multiples of that unit.
However, this is not always possible. In such a case we say the two
lengths are incommensurable. For example, if the side of a square is

1", its diagenal is y/2"; the side and diagonal are incommensurable. We~
could draw a rectangle whose length is /2" and whose width is 1". Even
if both dimensions are irrational, such as y2 and /3 , it ‘is not always
possible to find a unit to permit us to express each of the dimensions
in terms of it. ’ _ .
Therefore, if our theory of areas is to cover éveny case, intluding the
//” incommensurable, we must base it on at least one proposition which is
postulated. ask.the class whether they should postulate all five inductive
.. —propesitions.~Did it seem as if, in our counting, any one of them might
have been used as a basis for deriving all the others? Guide the students
into selecting and listing the postulate, "The area of a roctangle 1s the
product of its length and width." N
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Note to teacher: T': same difficulty arises in the postulate, "The line
parallel to one s° ie pf a triangle divides the other two sides pro-
portionally." If area is taught before similarity, that postulate would
be deducible frc : the area sequence, thus reducing two complicated
assumptions to ne. S.M.5.G. has proposed this approach.

Lessons 3.\Avénd;5 , T -

Aim: to develop an appreciation of the expianatory values inherent in a .

postulational system
to exhibit the value of deductive reasoning in discover%ng new thearems

Development :

Accepting the five area formulas as the result of experimental ve?ification,
the class is now ready to consider the problem of arranging them in logica;

order.

The following interchange between teacher and students illustrates how these
five propositions may be arranged in a logical order, that is, in such an
order that one may be deduced from-preceding ones.

Teacher: Let us consider squares and rectangles. Which is the superset and
.which is the gubset?\ . -
Student: Squares form a subset of rectangles. : @
Teacher: Will formulas for rectangles be valid for squares or will formulas
for squares be valid for rectangles? ,

Student: Formulas for rectangles will be valid for squares éince all squares
are also rectangles.

Teacher: Which of these ared formulas should appear first then?

Student: The formula for rectangles because it will then be possible to
deduce the formula for squares from it. X

Teacher: Now let us consider thé area propositions for triangles and trapszoids.
Which cne would you deduce first?

Student: .Since I can divide a trapezoid into two triangles by drawing a
diagonal, I would .prefer to have the area proposition for triangles

, first, .
Teacher: Let us now congider-a rectangle and a paralielogram. ‘Which should
" appear first in our logical order?

Note: The answer to .this last question iﬁ/not too opvicus and the teacher may
expect & lively discussion in which some of these points will be made:

It was easier to count the squares in a rectangle. Therefore, tﬁs rectangle
@ should come first. , .
4

" The rectangle is a more common shape: Therefore, it should come first.

‘The rectangle is a subset of parallelograms. Therefore, thQJQgrallelogram
should come first.

ko
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J
- topic of centroids and area transformations may be suitablel

The teacher may now ‘say that it is possible to make the deduction in’ either
order. This order will depend upon our choice of a postulate. It seems more

sfying to start with the rectangle area proposition as the postulate, since
it i3éems to be-taking less for granted. (This conforms to the aesthetic inpulsa
to assume as 1little as possibl

Teacher: We have now agreed that in our logica.l order the area proposition
for rectangles precedes those for squares and _parallelograms,
Similarly, the area proposition for triangles precedes that for trape-
zoid. Does this now give us a complete ordering?

Student: No. We don't know whether to have triangles before or after
parallelograms or rectangles.

Teacher: May we deduce the area of a triargle easily from that of a parallel=-
ogram? Teacher draws the figure at the
right on the blackboard. _ A== —>8

Student: Yes. The triangle is half o{‘ the
parallelogran,
Teacher: How should arrange dur fou formulas
_ in order, omitting the square?
Student: Rectangle , pa.raIlelogram, triangle , urapezoid

e

There should be very little difficulty in developing the formal deductive proofs,
except possibly for the parallelogram. This may be facilitated by the use of
a paper model of a parallelogramfromwhich the teacher cuts c»right triangle from
one end and moves it to the other erid to form a rectangle.\

Have the students consider the corollaries of -the triangle area theorem. The
formla for the equ:l,lateral triangle may be deduced. Have the students discuss
the fact that the discovery of this formbhla by counting squares presents serious
difficulties sinces v 3 is irrational. The same difficulties will be found in the -
problem of discovering the formula for the area of a circle. This pofints up the
advantage of deduction r experimentation in certain situations, also
demonstrates the predic value of postulational thinkin The discussion -
may be undertaken in proqging by deduction the fo

Have the students consider the trapezoid formula ahd how. it .
generalization of other formulas by letting the uppyflse become equal to the

lower base (parallelogram) or shrinking to a point (Jlo L -
In assigning ‘homewbrk problems, the teacher should inct
concerning' areas. (In classes where enrichment material$
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Lessons & and 7

Aim: To develop Sklll in the use of the area i‘omulas.
To use trigonometric ratios in finding areds. -
To use coordinates in finding areas. "

*

Development: -

Have the students use the area theorems to calculate the areas of
figures for which the formula data are given directly. Next, include
problems in which the data are insufficient, irrelevant or overabundant. \
The students may be asked to find the areas in such problems as the —
following:

In parallelogram ARCD, AC = 10" and AD = 5".- ‘

In triangle ABC, AC = 12" and the altitude on AB equals 10",

In trepezoid ABCD (AB {| DC), AB ®10", BC = 8", and CD = 7%,

In triangle ABC, iC - 10", AB = 9%, and the altitude on AB equals 9",

In trapezoid ARCD (aB 1| CD), AD_L.AB, AB = 10", BC = &", CD = 7", anvi DA = 5%,

The set of problems migﬁt élso include finding arcas of figures that can be
dissected into rectangles, squares, parallelograms, triangles, and trapezoids.

Tnd set of problems should also include some in which: information is given that
will help the studsnt deduce needed formula data.

Find the area of a rectangle if its length is 12" and its diagonal is 13",
Find the area of A\ ABC if /A = 30° and the lengths of the included sides are
127 and 16".

Find tha area of the isosceles trapezoid whose base angles are h5° and the
bases are 8% and 20",

The set of problems should also include some that dépend on algebraic technidnes. A

The area of a aquare is equal to that of a recfangle -whose width is 3 units °
more than the side of the square, and whose length is 2 units less than the
side of the square. Find the length of a sfde of the square. °

Prove that if the length of a square is increased by one unit, and its
width is decreased by one unit, the rectangle thus formed will have one
square unit less than that of the square. )

»

Have st‘.,udents consider area problems :l.nvolv:l.hg trigoriometric ratios, .

.

p
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Juggested exercises invplving coordinates:- , \
1, Plot A(-1,7), B(8,6), C(2,9) .and find the area of A ABC,
This type of exercise has proved useful in showing that the altitude must

be perpendicular to the base, Students will finally suggest either of
the two methods shown below. They should develop both methods.

bcceptable student answer (type 1) ' Ep —
[}
Draw lines through vertices' formn ° ‘ )
rectangle FFED, , & | A(Tl,.”ié
ot -
Area = Area - (Area + Area + Area
ARC EFBD ACE CFB BDA J
) -'9x3-*(§x3x2+§x6x3*%x9xl)
- 27 - (2; 9 + L3) !
= L7 - 1 2 } . - N e
_ 'y ‘
: : , c(e,9)
Acceptable student answer (type 2) ] g -
. < 7. ‘
Drop perpendiculars:to the X-Axis. \4
(-1,7),. B(8,6)
Area = Area + Area - Area o | ..
ABC ACSR CBIS, ABTR , u )
. \ ]
\ - x3(7,+9)+’2~,16(9+6l Fx (e ) 1 '
- 13x16+%g%6x15 9x13 L : f
- 2L + hS - S g o |
= 69, - 58} : Ay
= 104 R S T
2. Plot A(-3,2), B(5,-2), C(9,3), D(1,7) Why is AXD.a parallelogram? Find
its arsa. : . :
3. Triangles are drawn, two of whose vertices are (0,0) and(a,o) " How does "
thelr area ey as. . NN

" a, the third vertex moves on the line y = ¢ _ . \ . :
b? the third vertex moves on the ljne x = k o

L. Consider triangle A(0,0), B(a,0), C(b,c). How is the area affected:
a. if & is doubled, and b and ¢ remain constant

b, if b is doubled, and a and ¢ remain constant

c. if a‘and ¢ are doubled, but b remains constant

S. Find the arda under thn graph of equation y = 2x + 7 and above the X—Axis
from x = 0 to x = 8, (optional) ;
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I , . .
LESSN 8 ' B
Aim: to‘devolop the theorem concerned wiin ihe ratio of areas of similar triangles

Dovulggggnt

This lesson may be introduced with the story of ‘a manufacturer who had a govern-
ment order to stamp out a metal plate in the shape of a triangle. The price
per plate was set at $2. After a time, the government asked for a larger plate
of the same-thickness in which each side was doubled and asked -for a new price,
The mamufacturer suggested $L per plate. Soon the manufacturer vecame aware
that he was losing money. He called in a mathematician who informed him that he
was using more than twice as much metal for each plate!  How many times as much
metal was he now using for each plate?

A simple 1llustration will elicit the A N\
answer that the triangular plate is /\

four tines as large as the original.
Tripl the side should result in a

trian vt is 9 times as large. Stu-

dents are nh( ready for the generaliza-

tion and the deduction may be done in- - \ /
formally

Exercises should include those in which sides or ratio of sides are given and
areas or ratios of areas are to be found. Also, the areas or ratio of areas
should be given and the sides or ratio of side d be found.

It would be valuable for students to realize that he ratio of the squares of
two numbers is the same as the square of their ratio,

/ 62 C62 22 4
Thus, instead of working with ;2‘ “\we may work with 3 or 5 = 9

Surprisingly, many swuents think that squaring the r.umerator and denominator -
of a fraction leaves its value unchanged! This shows the danger of teacher
generalizations like, "What you do to the numerator of a fraction, you must

do to the denommator."
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1.

2.

3.

. 6.

AArrange the area definitions and propositions in their 10310*1 'ox:def stating

which is derinition, postulate or theorem, (
Deduce that the area of a trapezoid is equal to the product of one F3 it\s‘g\“
Lsight and the sum of its bases. '

Find the area of the following whose vertices are:

a. Triangle ABC, A = (0,0), B = (3,4), C = (8,1), | i .
b. AKCD, A = (3,1), B = (7.1 c - (5 ,b), D= (1,L) oy
C. AED A= -2 35 Ba= (ﬂ (=3,=1), D = (L,=1) ( ]

In parallelogram ABCD, /A -1500,“&8 = 12", AC = 20"

a. find the length of the altitude from B to AC to the nearest tenth of an
inch - 1 : Lo
b, find the area of ABCD to the nearest squaro inch,

A B

ABCD is a trapezoid
with AB Ii DC

a. Deducé A ADC = AHC §
be Deduce A AED = A BEG

D _ , c
If AARC ~ AA'B'C! and AB = 6" A'B! ‘= 9" |
and area ofAAKJ-Bﬁ sq. in,, find the +
area of AA'B'C', .
-1

1
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- ; XII.

POLYGONS ‘AND CIRCLES

ﬁm: To develop the formula e sum of interior angles of any polygon.

To develop the formula e sum of thesexterior angles
Development : Q v

Have students draw polygons of, 3,4,5,...n sides. Challenge them to suggest
ways of figuring out the sum of the angles and tabulate the results., Students
may suggest selecting a polnt within the- polygon and connectmg it to each-
vertex, thus forming n triangles the sum of whose angles is 360° more than
the sum of the angles of the polygon. Other students may suggest drawing
diagonals. This group will discover the disadvantage of criss-crossing
 diagonals and will improve their procedure by limiting the diagonals to
those coming from a single vertex. Each side of the polygon, with the
exception of the two medding at the single vertex, now *becomes ‘the base

of a A . The students should then be able to make the deduction which
generalizes these results.

i ’

V
- Apply the generalizations to exercises including the speclal cases of
equiangular polygons and their special formulas:,

When we discovered that the sum of the angles of (for 1nstance) a decagon
is 400, were we able to determine the number of degreeg in gach angle?
Could we determine the number of degrees in each angle if iwe knew that
all the angles were equal? Students often believe that an equiangular
‘polygon is equilateral or that: equilateral polygon is equiangu.lar.

Show that, a polygon could be equiangular without being equilateral (square
vs. rectangle) or that it cculd be equilateral without being equiangular
(square vs. rhombus), Convince pupils. that this is also true of such
polygons as hexagons by diagrams such as the following:

v
f N
, O L |
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~
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Define a regular polygon and ask vlhich is the regular triangle and
regular quadrllateral. Note the frequgncy of the regular polygon in
design - rose windows, _tiles. Ask why’nuts are more often hexagonal
thkan square. ) : '

Compute each angle of the varigus regular polygons. Note that each angle
of" an equiangular hexagon is a?wa s 120°. 1Is each angle of an equiangular
octagon more or less than 120°? Of an equidngular decagon? Calculate

_ the exterior angle for each of the above. Students will note.that as
the number of sides of an equiangular polygon i eases, each interior
angle increases and each exterior angle decrdases. Now consider the’
sum of the angles again, Obviously the sum of the interior angles
for any polygon increases as the number of si s incregses. Does {he
sum of the exterior angles decrease? Deduce the surprising.fact that
the sum of the extewior angles is, constant!y This will excite the
imegination as students envision more and ns sides, therefore more
apd more exterior angles with a constant sum.

1]

LESSON 2

[

-

Aim: to develop ideas concerned with similar ‘pol_ygons e

A

DevoloEment:
' £
Have the students review the definition of similar figures:

equality of corresponding angles -
equality of ratios of corresponding sides

The class should-then investigate the fol1 ing:

Are any two squares similar? ' - Are any two mtmgles'n:ln:llu-? _
Are any two rhombuses sinila.r? o Are any two equianguler pentagons simil
Are lny ‘two regula.r pentagons similar? ' ' _

1

Have the students start with one side and construct a quadrilateral similar to
a given quadmlatﬁral. This should lead to the theorem: ~

VI two polygons can be divided into pairs of similar trien gles similarly
placed, then the polygons are similar. . . «

The converse of'the above theorem should also be considered.

-




LESSON 3 . '

. . s . N . e
Aim: to study the construction relationships between circle and regular polygon

5

Develogment* i ' ]rﬂ
e

Have the students give some examples of the frequent occurrence of reguler
polygons and circles in design and industry.

~

Experiment: Inscribe a square in a circle.

~

The ‘outcome of the experiment and the discussion cnncerning it should lead to the

theorem:

Kl
\

Regular polygons of n sides may be inscribed in a given circle if the circld'
can be divided into n equal arcs. o

Have the students consider the problem of inecribing regular polygons of
8 16 ﬁeesidBSe : 2

£

The problem of inscribing a regular hexagon ehould be related to the fact that a
regular hexagon has 6 equilateral triangles meeting at the center, The prohblem
of inscribing regular polygons of 3, 12, 24...sides should then be considered.

The problem of c¢ircumscribing a regular polygon of n sides about a giwven circle
should be related to the basic problem of dividing a circle into n equal parts.’
It will be necessary to review the construction of a tangent to a circle at a-
point on the circle,

LESSON L

Aim: to deduce that a circle cdn be circumscribed about (or inscribed m) any

regular.polygon . A4

to introduce the concepts of centar, radius, apothem, and centiai angle

of a regular polygon .
- ‘_
Have the students review the circumscription of a triangle and then consider
the cases of a rectangle and g rhombus. A discussion of these will lead
quickly to ¢he need for locating the center of the perpendicular bi?pc’ore of
the sides of polygon.

The following diecabeion may now take plaCe.ﬁi ‘ : ya

Teacher: Consider a regular polygon of & indefinite number of sides. If
) the polygon has a center of a circumscribing circle, how can we
. locate it? '/ - S
Student: Construct the perpendicular bisectors of two adjacent sides. The
: point-where the bisectors meet should be: the center. |
Teacher: What would be the radius of the circle?
Student: The distance between the point of intersection and a vertex..
Teacher}~ How do we know that the dlstance from the point of intersection to
. any vertex will be the eame?
A discussion of the teacher's last question. ehould Tead to the theoremt

A circle can be circumscribed about, or inscribed in, any regular polygon.
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The center of the ‘regular polygon can now be defined as the center of the circum-
scribed (or inscribed) circle. The radius, apothem, and central angle of a
regular polygon may now be defined. The students should note that a regular
polygon of n sides has exactly n radii, n apothems, and n central angles.

Have the students discover that the radius of a regular polygon bisects its
angle, and the apothem bisects the side and central angle.

Have the studeﬁts do exercises in which the length of “a side of a yegular

_ polygon (3, L, or 6 sides) is given and the radiua, apothem, and central angle

are to be found.

Aim: to consider more difficult exercises involving side, radius, apothem, and
central angle of a regular polygon
to deduce that the area of a regular polygon is equal to one half the 7
product of jts perimeter and its apothem )
to relate the .aréa of a regular polygon to 7he ‘area ence

Development: f‘ ; iy

Have the students consider exercises involving regular polygons in which the radius
or the .apothem, or the side, or the perimeter is given in addition to the.number

of sides of the polygon. They should have practice in deducing the number of
degrees in each angle of the right triangla formed by a radius, adjacent apothem,
and sids of the polygon.

TN .
re . .

- Suggested exercises:

1. The radius of a regular decagon is 10, Find, the apothem, side, and perimeter.
2. The apothem of a regular octagon is 20, Find the radius, side, and perimeter.

3. The perimeter of a pentagon is 100. Fird the area of the isosceles triangle
- formed by two adjacent radii Find the area “of the _pentagon,

~-The last exercise may serve as the basis for the devqlopment/G} the deductlon

of the area theorem for_a regular polygon. This should be a formal deductiom
since the theorem may be called for:ion tha.Regqnts examination, . R

: A ) .
Students ‘should review t¥ area sequence’ (postulate ->area’ of rectangle; theorem -
area of ayparallelogram; theorem - area of a triangle) d notice.that the area:
of a regusgr polygon- theorem follows tht of the area of'a triangle theorem,

T gnment should include the problem of finding the ratio of the perimeter
of a regular polygon to twice the radius. If the numbepr of sides of the regular
polyegon is n and.the radius is r, assign %the problemS»ag that the students in
each row have the same,value of n and different valueg of r. For example, the
students in the first row will take regular hexagons, and the first student will
take r = 1, the second student will take r = 2, and so on, The students in the
second row will take n = 12, those in.the third row will take n = 24, and so.on.
Have one row take n = 180, since this-is the largest number of sides one could
take without involving an angle leds than 1°(note that .our trigonometry
tables permit entries to nearest degree only.).

v . i

\ ! o
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LESSON 6

Aim: to develop the ratio (T7) of the circumference of any circle to its diameter
to develop an appreciation of the nature of T . /‘/.
"to postulate that whatever is true of a regular polygon, and whith does not
depend upon the number of sides of the polygon, is also true.of the ci.rcle
to find circumferences and lengths of arcs

Develggment : : -

The lesson may begin with reporte of t/} results of the homework exercises, The
students {n each row will discover that the ratio of the perimeter to twice the
radius is the same as long as the number of -sides is the same. They will

conclude that the ratio is constant for any given n. This may be deduced in-
formally. ~ : ' : ; '

The circle may now be introduced as the limiting shape of a regular polygon as
the number of sides increases. Hence, we postulate that:

\nhatever is true of a regular polygon, and which does not depenﬂ upon the
number* of sides of the polygon, is also.true of the circle,

An application of the postulate gives us G dy

— ——
- -

Co d>
'This implies that c, ~The student should be led to realize that -

) 4 4
A d
this proposition means that the ratio of the circumference of any circle to its
diameter is the same or constant, Have the students refer again to their
homeworx results: 4
k] * ‘ . -
Teacker: How can we arrive at an appreximation of this constant value for
Student : We can arrive at the approximation by observing the constants:
’ for n =6, 12, ... 180, ,
Teacker: Which of these would be best for our purpose"

Student::The. case in which we have the largest p0551b1e number cf sides.

€
d

-

Since the ratio of the circumference of any circle to its diameter ig ~
a constant, we give that constant a name. We have no numeral to designate

. this- number, therefore we choose the symbol rr for it. 9T, the Greek.letter .
"p", was chosen in the 18th century because it is the 1nitial letter of
"periphery "'the word then used to designate the cncupference.

c .
Thus T=E so that ¢ =7d, (orc=277r).

Students may be confused into thMm 7r is ratlonal because it is defined

as the ratio a. The fact is that c and d cannot both be integers. Give

exercises like, "If the circumference of a circle is 10, find the radius."
, Contrasting this with, "If the radius is 10, find the circumferenc'%,"
i will cldrify this }JO}nt

I3
[
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The value of the ratio for n = 180 is reported as 3.15, The teacher may offer

the” information that for n = 200, the ratio = 3.1412. The first good approximation
of the value of the ratio was found by Archimedes, He found its value to lie
between 3 1/7 and 3 10/71. : s '

The value of the ratio cannot be expressed as a ratio of integers. The ratio

is designated by the symbol 7r and is considered to be an irrational number.

Thus, C .97 and C™= 2777,
?r , -
Have the students use this in finding circumferences and length of such

N arcs as 180%, 90°, L5°, 609, and 30° Answers,for the most part, should ¢
be left in terms ofW, Students should estimate answers using 3 forw,

JIuessg/n i . N

Aim: To deduce the area of a circle (s = T¥r<)

To trace back the,area sequence. - , . . . ™
’ , ~ , . .
Development : o ¥ - ~

Have the students consider a regular polygon inscribed in a c¢ircle. As the number
of sides of the polygon increases, it assumes more and more the shape of the
circle. The students should realize that (1) the apothem increases and approaches
the radius of the circle as a 1imit and (2) the perimetel increases and approaches
the circumference as a limit. Therefors, the formula for the area-of a regular &
polygon (A = %ap) becomes for the circle A = #r C or #r 29T r = Trr.

Suggested exercises:
1. The area of a circle is 2577 . Find the radius and circunfsrence.

v 2. The circumference of a circle is 1L4Tr . Find the radius and area.

Teacher: What was the original postulate of Sur area sequence?.

This question will épark a reexamination of the entire area sequence eriding with

the area of the cirgle.
Ve

-~ g * -
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Aim: To find areas of sectors and segments.
To solve area problems involving composite figures,

nge;gpnent

Tell the class thag\fhg)érea of such a piece of
a circle as the shaded portion of the diagram ' )
arises in problems involving pipes or horizontal ,;E;E:;QEEEE;/
tanks partially filled with water. . Challenge '

them to suggest how to find such an area. : L

7

-,

o’

(S

AN
Students will suggest drawmng the radii, and this suggestlon should lead
to definitions for both sectors and segments.

Compare the area of the sector as a fractxonal pért of the circle to ;
the correspending notrbn of the length of an arc as a fractional part
of the 01rcumference‘bf the circle,

Discourage memorization of unnecessary formulas., The area of a minor

segmgpt should be attacked each time i* 1s met as the area of a sector

minus that o1 a triangle, Note that the <ab sin C method is usually the

shortest method for getting the area of the triangle in this context.
UNIT TEST 0

REGULAR POLYGONS and CIRCLES o

)

N _
1. State. the theorems,. in order, leading from the postulate, "The area of a’
rectangle is thie product of its base and altitude,™- in the sequence which :
concludes with the deduced theorem, "The area of a circle is % the product
of its circumference and radius.‘\\\\"_/f ‘ . o
/ . . : )
2. A regular decagon is inscribed in a circle of radius L inches.
a. Finda the apothem of the degcagon.
- b, Find the side of the decagon.
c. Find the perimeter of the decagon.
\\\\_E;-Find the area of the decagon. }

3, Find the mimbher of degrees in the central angle of a sectoé whose length
of arc is 3% ircle whose radius is 6. «

S,

i The areaof a circle is LD square inches. Find the area of a circle whose
radius is 3 times as large. )

5, Find the area of a segmsnt whose chord is 8 inches long and whose arc
contains 120°, .

6. A regular pentagon is cut out of a circular piece of sheet metal whose rsdius
is 6 inches.- How many $quare inches of metal are wasted?

-129-




N XIII.
LOCUS EXTENDED

LESSON 1 ‘ ~

sAim: to review the idea of Tocus
"to review two locus theorems “\
to deduce that the locus of points equidistant from two given parallel
lines is a line parallel and midway between the two given lins
to apply locus theorems to exercises

\

Development :

Have the students plot the locus of points satisfying x = 5. Have them also plot
the locus of points satisfying 'x = -1, What does locus mean? The students will
recall the definition of locus as the set of points satisfying a given condition,

The students should recall the two locus theorems previously listed:

The locus of points within an angle and equidistant’ from the sides of the angle
is the bisector of that angle.

The locus of points equidistant from two given points is the perpendicular
bisector of the line segment joining the two p01nts.

What is the locus of the points equidistant from x = S and x = =17 The locus is
a line paraIiel to x = 5 and x = -1 and midway between them, namely x = 2, (Reviau
midpoint formula.)

Have the students recall that a locus theorem is a combination of a sub31d1ary
theorem and its converse. The subsidiary.theorem and its converse
which arise from the class exercise ar=:

»
Every point or tie line x = 2 is equidistant from x = £ and x = -1, I) a
point is equidistant from x = S5 and x = -1, it lies on the line x = 2,

~Have the students state the locus theorem of points equidistent from two parallel
lines, without the use of coordinate geometry, and add it to their list of locus
theorems.

&



Suggested exercisas:

A 3

The students should be led to discover loci propositlons by making several
colored dots to represent members af the required set of points.

1. Teacher: What g; the locus of the poirts L units from the origin?
Student: It seems to be a circle of radius L with center at (0,0).

Enrichment: Teach the algebraic technique of letting (x,y) be point on
the locus. Derive the equation of the locus. For example, let (x,¥) be
any point four units from (0,0).

Distance formula: IxZ o+ ¥ om

o+ y2 = 16 v

,

. 4
What would this locus be if the discussion were concerned with space rather
than with the plane?

2., How many points are four units fpom the origin and also equidistant from
x = S and x = -17 .

3. Locate all points "d" units from a given point A and equidistant from two
parallel lines m and s. Discuss all possible solution sets.

LESSON 2

Mm: to investigate other locus thgorems
to practics a technique for handling any locus problem

!

Development:

i

Have the students consider a probl>m such as the follouiﬁg:

We wish to locate campsites two miles from the straight road m, and ten miles
from the town S on road m. How many such campsites are there?

What new locus theorem is needed for the first requirement - the campsites are
to be two m{les from the road? The students should be led to see that the locus
of points a given distance from a given line is two 1lines parallel to the given
line and the given distance from it. .

What locus theorem is needed for the second requirement - the campsites are
ten miles from the town S? "How many points sat1sfy both conditions?

Enrichrent: What would the locus be if the discussion were in space instead of in
the plane? .

Suggested exercises:
/

1, Have the students apply the locus theorem of points a given distance from a
given 1line to coordinate geometry. For example, write the equation of the
locus of points two units from y = 7. The students will see that the result

’ ) 4

/ |
[Kc ~ 13-

wll Toxt Provided by ERIC




q i x , . ’
{ . '

is two lines, 'y = 9 and y = 5, because neither equation along};ontains all

the members of the required set. _ .

2. Investigate other loci by the c.liored-dot method. For example, find the
locus of the points four units frofi a circle of radius seven. What would
the locus be if the discussion were in space?

Note: Eppourage students to sketch solutions involving several loci
by keeping the given facts in ink and each locus in a different color.

3. Enrichment: ' ' _ . ' ' /

a. Derive the equation of the locus of the points 4 units from (2,3).
b. Show that the equation of the locus of all points whose distapce from
' (2 3) equals their distance from y = -1 is in the form y = + bx + cl
Use colored dots and sketch the locus. This locus, a parabola, is
~ very important in reflectors and telescopes.

lesson 3 . , s

Ajim: To apply locus theorems to the problems of circumscribing a circle about
' a triangle and inscribing a circle within a triangle.

Development :

Have the sthdents draw any triangle ABC and consigﬁr the problem of circume
gcribing a- eircle around ABC,

The question will arise as to where is the center of the circle. This will -
- lead the students to recall the method of finding the center of a broken

wheel. They will agree that two loci are sufficient to locate the point

which is equidistant from all three vertices. Deduce this orally using the
locus of points equidistant from two given points. Complete the construction.

Have the students next consider the problem of drawing a circle within triangle .
ABC tangent to the sides of the triangle (sketch). We call this an inscribed circle..

Teacher: Will the inscribed circle havethe same center as the circumscribed circle?
Student: No. The center of the inscribed circle must be equidistant from the
sides,
Student: .Then it must be the intersection of the angle bisectors,
Note: Have students recall the locus theorem of points uithin an angle
equidistant from the sides. :
Teacher: en we know the center, what else must we kmow in order to construct ’
he circle? \
Student: We need the radius. It is the distance from the center to a side,
Teacher: What construction must we make in order to find this distance? .
Student: Drop a perpendicular from the center to a side.
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Have the class complete the constructions. Have them consider:

4

When will the circumcenter and incenter coincide?
When will the circumcenter be in, on, or outside the triangle?

Enrichment: Find the coordinates of the circumcenter of triangle A (2 1), B (5,1,
C (7,6). Deduce what kind of triangle it is from your result.

Given isosceles right triangle with hypotenuse 52 , Find the inradius,

k)

UNIT TEST
LOCUS EXTENDED

'y } ,
1. Locate by construction all points 3 units from a given point P and equidis-
tant from two parallel lines if the lines are 1 dnit apart and P lies on one
. of the lines, ‘ P

N 2. Derive the equation of the Ibcus of all points 5 units from (0,0) and drsw it.

1, Quote a locus theorem, and the subs*diary theorem and converse of which it

is made up. .

L. Show by construction in a scalene triangle that the circumcenter and incenter
are two different points., Discuss special cases,

'
’
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XIv.

INEQUALITIES

Lesgon 1

Aim:* To learn how to form the inverse of an if-then statement,

To recognize that a statement need not have the same truth value as-its inVerse.
To compare the inverse and the converse of a statement., .

To learn how to form tne contrapesitive of an if=then statement. -

To recognize that a statement, ahd its contrap031tive have the same truth
-value.

To introduce 1nequallt1e$ by forming the inverse and contrapositive of
‘statements of equality.

[y

Development :/ _ ” . .

The topic may be introduced by asking, "How can we form new pr0p031t10ns from
known propositions?" \ '
Have the students recall how to form the converse of an if-then statement,
Have them apply it to, "If two angles are right angles, ‘then the two angles ar
equal," . |
They should recall thai converses are introduced to hel]y formulate new statements
. which are to be tested as possible theorems., They should be Jed once again,
by means of real-life and geometric examples, to realize that "arguing from the
converse” is a type of fallacious reasoning, since a statement need not have the
same truth value as its converse. .
Show the class that another transformation of an if-then statement is the inverse
. of the statement. The inverse is formed by replacing both the hypothesis and
-the conclusion by their negations. The result is a new statement to be tested
as a possible theorem. The inverse of the above statement about angles is,
"If two angles are not right angles, they are not equal." This is a statement
of inequality and it happens to be false. . \
Have the students consider a few more inverses of theorems and ascertain their
truth, values. Include real life stat'ements as well as geometric statements,
for. example: "If you are a citizen, then you may vote," and ‘"If you live in
. New York City, then you live in the United States," Have the students conclude
that "arguing from the inverse" is another type of fallacious argument.
. N v
Re~emphasize the fact that just as each time that a proposition was discovered
by experimentation its truth had to be esfgablished by deduetion, so also each *
time a proposition is formulated as 3°converse or as an inverse of a given
statement, the truth of the resulting statement must also be established,

Now pose the question of formulating the inverse of ‘the converse of a given
if-then statement. .Use the examples previously considered, as well as new
examples, and have the students compare the truth values. Using, "If A,

then B", showthat theconverse of the inverse is the same as the inverse of

the converse. This.statement, If not -B, then not A, is called the contrapositive
o ~134= |
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of If A, then B, Elicit the generalization: an if-then statement and its
‘contrapositive have the same truth values.

An additional result, if desired, is the géneralization. the converse and the
inverse of an if-then statement have the same truth values - that is, they are
either both true or both false.

Make the presentation of these logical notions”as concrete as’possible by the
use of many illustrations and by giving much practice. In particular, if
statements of equality are used, the new 'propositions formed as inverses or
contrapositives will deal with inequalities, For example: "If two sides of

a triangle are equal, then the two angles opposite these sides are equal";

"In a circle, if twp chords are equal, then their arcs are equal"; and so on.,
Note also that sach ‘gtateménts of inequality can be made more precise by |
introducing the notion of "greater than or "less than". Thia will be done
in later .lessons.

The complet; discussion may bé summarized in the following tabulatior;
- the truth values "True" and "False" are symbolized respectively by /T" and "F",

Statement Converse . Inverse Contrapositive

Logical If p, If q, If not p, “If not q,
Form then q ‘then p then not ¢q then not p

Set of 7 T T T
Possible
Truth T F F T
Values

F T T F

FooC | F F F

~ x 7 5

An alternative way to represent these logical interrelationships is the follow-
ing dlagnun.

N Statement Inverse
. ¢
. Converse Contrapositive
: a2

é¥
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A better ¢lass may consider, as enrichment, the formation of pax:tial inverses
‘of an if-then statement. For example, "If a line passes through the center of
a circle and is perpendicular to a chord, then the line bisects the choxd"
has the partial inverses: "If a line does not pass through the center of a
circle, then the line is not the perpendicular bisector of a.chord," and "If
a line is not perpendicular to a chord, then the line does not pass through

both the center of the c1rcle and the midno1nt of the chord,”
1

.

- Lesson 2

Aim: T; review the< meaning and notation of the inequality relations symbolized by

A » and

To begin listing inequality postulates as a step in the development of

another miniature postulational system. - .

To elicit the postulates: i
for any two quantities, either the .first is greater than the second,
or etsg the first is equaltothe second, or else the first is less

. than the setond

‘the whole is greater than any of its parts

in any statement of inequality a quantity may be replaced by its equal
if the first of three quantities is greater than econd, and the
second is greater than the third, then the first is®#feater than the third.

.To. deduce and apply the theorem: , .
an exterior angle of a triangle is greater than either nonadjacent in-

terior angle.
¢

Development:

Pose the problem, "How does an exterior angle of a triangle comprre in size with
an ad,)acent mterlc?r angle? with a nonad,)acent (remote)lntenor angle?"

One result will be the proposition, "An exterior angle of a triangle is greater
than either nonadJacent interior angle." Ask, "How can we deduce this?"

iy
At this point the more alex‘}. students may assert that the exterior angle has
already been shown to be equal to the sum of the two nonadjacent interior
angles, and so must be greater than either one. Remind the class, however,
that whenever deduction is to be used in a new area of mathematics, additional
definitions ‘and postulates are necessary. This is here the case, since we are
now going to deal with statements of inequality instead of statements of equality.

Recall and re-emphasize the fact that equality of line segments or equality of
angles means equality of the positive real numbers which are their measures
(number of units of linear measure or number of units of angular measure). :
Define "a is greater than b" to mean "there is some positive numbér, p, such
that a = b + p." Illustrate this definition by using the eoordinates on a line
to show that "a is greater than b" means that the. point whose coordinate is a
is tp the rlvht of the point whose coordinate is b." .

Review or re-teach the notatj.ons, a>b, a <b, a # b. Show also how to
read statements in which these symbols are used. In particular, emphasize
that "a & b" is equivalent to "b> ‘a", and that "a # b" is equiyalent to
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"either a > b or else a< b." Illustrate these notions and notations with
particular line segments and particular angles. :

Review the "trichotomy property", that for any two real numbers (quantities)
a and b, one and only one of the following relations is true: a> b, a = b,
a¢ b Adopt. the statement of this property as the first postulate in a list )
to be used for the purpose of deducing theorems about inequalities,

Lead the class to see that from the definition of "greater 4han" a reasonable
assumption is, :"The whole is greater than any of its parts." Adopt this
statement as the second postulate in the list of inequality postulates.
ITlustrate the postulate with line segments and with angles.

Now have the students deduce the "greater than" theorem for the exterior angle
by using the equa.l:l.ty theorem and the postulate that the whole is greater
than any of its parts.

Apply the new theorem to exercises., As this is done, the class will find that
corresponding to the "subet:.tution postulate" for equalities, it is useful also
to have the postulate: in any statement of inequality, a quant:l.ty may be re-
placed by its equal., Have the -students addﬂthis postulate to their list.

Another needed postulate is the "transitive property" of the "greater than.
relation: if a> b, .and b>» c, then a> c. This properby may be elicited
by comparing the heights gf three students. Have the students formulate a
generalization of the transitive property and add it to the set of postulates.

Suggested axercises:
1. Given: AB=AC

Deduce: /2> /1

| \* | B
2. Given: AB = AC - ‘ o

D?duce.=Z;> Ix

B | ¢

3. Enrichment: Without using any dependence on the parallel postulate, deduce:
An exterior angle of a triangle is greater than either remote inter:l.or
angle. Use the necessary assumptions of betweenness.
~ Note: The theorem, "The exterior angle of a triangle is equal to the sum
of the two remote interior angles", is a consequence of the parallel postulate.

4. Enrichment: ‘Deduce the "transitive pmpert.y" postu]ate from other postulates
and the definition of "greater than". .




¥ :
l 3 . .

Aim: To.complete the:set of inequality postulat’es.

To postulate:
a smaller quantity may be made part of a. larger one -
if equals are added to (subtracted from) unequals, the results are:
unequal in the same order
if unequals are multiplied (d1v1ded) by positive equals, the resulte
are unequal in the same order .
the sum of two sides of a triangle is greater than the third side

To deduce and apply the theorem: =
if two sides of a triangle are unegkal, then the angles opposite these
sides are unequal, and the greater angle lies opposit€ the greater side.

~ Development: A . ] _
Ask, "What is the inverse of: If two sides of a triangle are equal, then the /
angles opposite these sides are equal. Is the resulting new statement true

or false?" Have the studen.s make the new statement more precise by using

"greater" to clarify "unequal". Pose the problem of deducing: "If two sides

of a triangle are unequal, the angles opposite :Rese sides are unequal, %nd

the greater angle lies opposite the greater side.™

A -possible procedure is to deduce the theorem in two stages: a preliminary
problem, and #he main problem. For the preliminary problem, have the students
consider Diagram 1 of the following diagrams, with AD = AC given. Have them
deduce that angle y is greater than angle B, by making use ofisrpostulates and
the exterior angle inequality theorem. o

- Diagram 1 \ ' Diagrem 2

Continue with the main problem, referring to Diagram 2: if in triangle AB%/
it is given that AB > AC, deduce that /C > /B. Make use of a point D on A

such that AD = AC, and then proceed as with the preliminary problem. In order
to be able to assert that there is such a point, we need to add to our list
of inequality postulates: 'a smaller quantity may be made part of a larger one,"

Have the class realize that in order to apply the inequality theorems effectively,
it will be necessary to complete the set of inequality postulates, Try to -
elicit from the students the inequality postulates that are analogs to the
equality postulates of addition, subtraction, muwlitiplication and division./
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This might be done by having the students consider: 14> 8
) T 2= 2
Note that, in each of these _postulates, the gqua) quantities gperate on the '
unequal quantities. Consider also the cases of inequalities operating on’
equalities, espe¢ially subtraction and division.
\

The students should also examine situations in which no conclusive general-
ization can be made. - For instance, if a > b and ¢ < d, nothing can be said
about the relative sizes of a + ¢ and b + d..

A better class, for enrichment, might consider the inequality postulates for
multiplication and division when the equality is between negative numbers.
However, such postulidtes are not needed for purely geometric inequalities,

Discuss the apparent assumption about distances‘made by a pedestrian who
Jaywalks. Have'the class adopt and add to- the list of inequality postulates
the corresponding "triangle inequality": the sum of two sides of a triangle
is greater than the third side. - '

Have the class review and list: ways to deduce that one line segment is greater
than another,rand ways to deduce that one angle is greater than another.

A}

Suggested exercises:
l.. Given: PQ> PR
SQ = TR
Deduce: ZZ) A

2. Given: AB = AC

Deduce: AB> 3EC

3. Given:DAmD= : s

diagonal BED

AB> BC
Deduce: [y) [x

Note: What does this exercise tell us about the diagonals of a parallélogram
which is not a rhombus? .
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4, In Exercise 3, what can be deduced if AB < BC? i“B = BC?

5 If two sides of a trlangle are unequal prove that one angle of the triangle
is greater than<b0°,

6.4Enrichment: If a >0, does it follow that b,a > 3a?: Suppose a < 0?

N

Lesgon &

Note: While the formal treatment of the indirect proof has been deferred until
the unit on inequalities, informal indirect proofs. have been used earlier

in the. guide; e.g. the theorem, "the line perpendicular to a radius at its
outer extremity is a tangent to the circle," has been proved by the indirect
method (See Lesson 7 of VII on circles). The teacher might well have intrdduced
a formal treatment of the indirest method of proof at one of these earlier
.points, If this is done, it is advisable to use indirect reasoning, wherever
feasible, throughout the year. It is a method wh:.ch the students will -use
frequently throughott higher mathematics.

Aim: To develop the method of elimination as an indirect method of deduction

To postulate: Ve
if a supposltlon leads fo a contradiction, then the suppos:.tion is false
if all but one'of all the mutually exclusive possibilities for the
conclusion of a statement are false, then the only remaining poss:.bility
must be true

To deduce, by the method of eliminztion, the theorem: :
iif two arigles of a triangle are unequal, then the sides opposite these
angles are unequal and the gredter side lies opposite the greater angle

To apply the method of elimination to prove original exercises.

De_vgloment, :‘ \ '

) R
Have the class recall the theorem: "If two angles of a triangle are equal, then
the sides opposite these angles are equal." Ask the students to form the
inverse and investigate its truth value. ’ "
_Lead the students to see that the statement, "In triangle ABC, if /B # /C, ‘
then AB # AC", can be deduced at once if .adopt as a postula.te "If a
supposltlon leads to a contradlctlon, then the supposition is false." For,
if we suppose AB = AC, this w0uld mean /B = /C, which contradlcts /B # /C.

"At this point an alert student may p01nt out that the proof of this inequality
theorem follows at once as the contrapositiye of a theorem on equality.
Have the stwdents consider the more precise statement, "In txiangle ABC,
if /B > /C, then AC > AB." In order to use the "contradlctlon postulate" ‘to

- deduce this statement, we must make mdre than one supposltlon. To 1lluetrate'f
the procedure, have the students consider the case in which Joe is either at
home, at Henry's home, or at the movies. We phoned Joe's home and learned that
Joe is not there. We phoned Henry's home and learned that Joe is not there
either. What ‘can we deduce from this information? \ : .
Discuss the difficulty of listing all the possibilities in a yreal situation.
Discuss the frequency of the use of this indirect-method as a method of deduction
1n medical diagnosis, detective stories, and mechan1cal trouble shooting.
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This type of indirect method may be called "the method of elimination." From
the above, abstract the structure: ' L
. : ,
List all the mutually exclusive possibilities for the conclusion in a
proposition,
Let- A, B, and C be the possibilities with A the one we are trying to deduce.
If supp031tlon B, then a sequence of steps follows ending in a contradiction.
Therefore B is ellmlnated by the "contradiction postulate. h
It squ051tlon.0 then as for suppésition B, a sequence of steps ends %n a
contradiction, and C is eliminated. v
Therefore A is true. .- As a reason, we need the postulate, "If all but one
Qf all the mutually exclusive possibilities for the conclusion of a statement
are false, then the only remaining ‘possibility must be trues" We may apbrevi-
ate this: "Only remaining possibility." '

The following teacher-student interchange illustrates the use of this method of .- (j
elimination as well as anpgther possible approach* to introducing the present
inequality theorem: .

Teacher: Ve have deduced the theorem that ih a triangle, the greater angle
lies opposite the greater side. What is the converse pf this theorem?”

Student: In“a triangle, the greater side lies opposite the greater angle,

Teacher: Decide by experimentation whether the converse seems to be true, -

(The students make triangles with unequal angles and measure the
offfdsite sides.)

Teacher: ‘le are going to use the method of*elimination to. deduce this theorem.

' What is the first step in the procedure”

Student: List all the possibilities for the sides b and c.

Teacher: What are all the possibilities in this case?

Student: All the possibilities are: b =—c, b<c, b>c. (For two quantities,
either the first is greater than the second, or else the first is
equal to the se¢ond, or else the first {s less thay the second. )

. Teacher: vhat should be the second step in the deduction?

Student: Suppose b = ¢, then /B = /C. (If tw. sides of a trlangle are equal,
then the angles opposite them are equal, )

Teacher: What is our next step in the deduction?

Student: The angles are unequal; that is, /B> /C. (Given.)

Teacher: Therefore, what can we say? . .

Student :” The conclusion "b = ¢" is false, and may be eliminated. (If a
supposition leads to a contradiction, it is false.) ,

As this teacher-student interchange continues, the next possibility, b < ¢, is
also shown to lead to a contradlctlon, and is therefore eliminated. The final
step may then be written in the form: b >c. (Only remaining possibility.)

Suugested exercises: . ‘ ."" | G

1, In triangle ABC, if AB = AC, and D is any polnt in BC, deduce that AB > AD,
2. By the method of elimlnatlon, deduce that the hypotenuse of a right triangle

is greater than a 1eg of fthe tr;angle.

r
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Enrichment: Deduce the triangle inequality postulate from the other
inequality postulates and the inequality theorems.

Suggesﬁéd method :
Suppose AC is the longesﬁ side of the triangle.

Extend AB to D so, that BD = BC, Then show tlat
AD > AC.

UNIT TEST
" INBQUALITIES g
a :
In A ABC, /A = 60°, /B = 650. Name the longest side of the griangle.

Ffom the tﬁq statemepts: & > 5, and 3 = 3, one may deduce the statement
813 } 5 ~:3. State the postulate that Justifies the conclusion.

/

. Give a brief argument justifying the statement: "The side opposite the

obtuse angle in a triangle is the 1argesﬁ side of the triangle,"

Déduce that the sum of the diagonals of a parallelogram is less than the
perimeter. :

Enrichment: Deduce by a direct method: If two angles of a triangle are
unequal, the sides opposite these angles are unequal and the greater side
lies opposite the greater angle.



XV,

INTEGRATION OF PLANE AND SOLID GEOMETRY

This year course in Tenth Year Mathematics is the development of a postu-
lational system for two-space. The same gourse can well be taught to

honor classes as a study of the postulational develomment of both two-space
and three-space geometry. :

Suggestions for accomplishing this integration of plane and solid geometry:

1. When studying perpendicular lines in.two—spacé; introduce perpendicular
lines and planes in three space. For example, in the unit on congruence,
the class can prove: "If a line is perpendicular to each of two inter-
secting lines at their p01nt of intersection, it is perpendlcular to
their plane."

2, When studying parallel lines in two-space, introduce parallel lines and
planes in three-space. For example, the class can prove: "Two lines
parallel to the same line are parallel to cach other." Contrast this
with such false statements as "Two lines perpendicular to the same line
are parallel.” Throughout the yeaf, the class should decide which
theorems in two-space hold in threg-space.

In the non-Euclidean geometry discussion, bring in the geometry on the
surface of the sphere as a model of Riemannian geometry.
Q .
3. In introducing locus, extend the concept to sets of points in three-space.
For example, the locus of points equidistant from two given points is
the plane which is the perpendicular bisector of the line segment joining
them. : '4
\ . .
4. In quadrilaterals, we assumed .all the figures were plane. Show that a
" quadrilateral can be a“ skew figure, but that parallelograms and trapezoids
are plane.

5. The locus definition of the circle can be extended in three-space to t@9~
'~ sphere. Students can prove that the intersection of a sphere and a plane
~is a circle and study great circles and small circles.
6. In coordinate geometry, introduce the one-to-one correspondence between
points in space and triples of real numbers. Equations of planes parallel
to the coordinate planes are appropriate here,-

As soon as the distance formula has been developed for two-space, it may
be extended to three-space. Equations of cylindrical surfaces and
spheres are easily discussed. _ ;

7. After the Pythagorean Theorem and trigonometny, many numerical problems ,
with spheres and polyhedra are easily understood. .
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In the unit o:\éreas, surface areas of three-dimensional figures and their
volumes will arise. 3tudent have studied volume formylas in grade 8.

In connection with similar polygons, the relationship between the ratio orf
sides and areas can be extended to corresponding situations involving edges,
surfaces 2nd volumes of similar solids. Regular polygons should lead to a
discussion of the five regulaEGPolyhedra.

With inequalities, basic inequalities in three dimensions,-such as the face
angles of the polyhedral angle, provide natural extensions,
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Altemate sequences, 6, L6, 61, 65, Converse, 41, 47, 57-58, 70, 8%
67, 68, 72, 73, Th, 76

Constructions, 25-27, 33-3L4, 57, 58,

Altitude upon hypotenuse,:96~97, 98, 70, 79, 8, 132-133 .

Analogy, 48 Contrapositive, 134-135

Angle. ' Coordinate geometry, 61-66, 73, 91~93,
adjacent, 100-105, 110-115) 120 e

complementary, s

construction - copyihg an angle, Corresponding parts, 22, 81"

27 :
x - bisecting an Cosine ratio, 107-109
angle, 26
definition, 11 ) Deduction, 2, 3, 7, 9-10, 14, 15,
elevation and depression, 108 30-31, 56
inscribed in semicircle, 98-99 —
measurement, 75=78 Definitionally equivalent, 31

parallel lines (angles of), 37-42

- Definitions, 8, 10-12, 15, 31, 52-53, 54
Arc degree, 62, 75 ' o S ’ ’

Distance, 73, 100-102
AI‘CS_ ] 67‘68

\ - Equation of line, 65, 66

Area ,
circle, 128 ) Errors in.reasoning, 1, 10, 42, 48
congruence and equality, 115 . _ :
coordinate geometry, 120 - ‘ Hypothesis, 17, 27
regular polygon, 120
~ sector, 129 Indirect method, 140-142
" segment, 129 ,
L sequence, 116-118. Induction, 1, 7’ 9_10’ 92
similar figures, 121 ‘ .
trigonometric ratios, 119 Inequalities, 134-142
unit, 114
’ - Informal proof, 4 ‘
Betweenness, 2, 3, 11 ) '

) Irrational rumbers, 82, 97, 116-117
Checking a deduction, 34-35

Isosceles right triangle, 103
ChOIﬁS ] 71-72

Isosceles trapezoid, 60

Circle ' .
area, 128 " Inverse, 134, 136
" circumscribed, 125, 132 .
definition, 67 - | Line segments proportional, 8284
inscribed, 125, 132 - ° .
regular polygon, 125 Locus, 49-51, 70, 129-133
.Circumference, 127?128 Mathematical model, 2

Congruent triangles, 20=36, 46~51 Mean or average, 63, 76, 77, 92
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Midpoint, 63, 90-91

Parallel lines, 37-42
Parallelogram, 11, 52-60
Parallel postulate, 37, 39, 40

Perpendicular lines, 16, 33, 105,
110-112

Pi, 127-128
Polygon
regular, 123-12/
similar, 81, 130-131
sum of exterior angles, 123-124
sun of interior angles, 124

Postulates, 13, 1k, 23-25, 29, 37,
L0, 61, 82

Postulational system and sequence,
3, 13-15, 27, 39, kO, 43, 47,
56, 69, 77, 116-118

Products (equal), 87, 88

Projection, $6

Proof, infoimmal, 4

Proportion, 81-83, 87, 96

Proposition, 1

Rnyagorean'%heorem, 99-102
converse, 104-105 .

Quadrilateral, 52-60
Quadratic equation, 98-99
Ratio, 80

Rays, 11

Rectangle, 53, 55,.58, 59
Rhombus, 11, 52, 53, 55, 58

Secant, 88
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Sequence, -6, 11
Sets, 10, 50, 54, 6f, 63, 67
Similarity, 80-9k
Similar polygons, 80
Similar triangles, 85-9L
Sine ratio, 106-109
Slope, 110-113
S.M.S.G., 2, 8, 11
Solid ge&metry, 143-144
Square, 52, 53, 58
Tangent ratio, 106-107, 108, 109
Tangents, 73-Th, 79, 88
Time allotment, 4, é
Theorem, 14
Trapezoid, 52, 55, 60 '
Triangles
circumscribing a c1rc1e, 132
congruent, 20

definivions,
inscribing a circle, 132

ratio of areas of similar triangles, 121

right, 44, 48-49, 99-105
similar, 85-90, 96, 121

special right triangles, 102-103
sum of angles, 43

Trigonometry, 106-109
Truth tab}e, 135
U.I.C.S.M., 8
Undefined terms, 8

Validity, 1, 2

Venn diagrams, 54
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